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Introduction 

In the present paper we deal with cardinal invariants of Boolean algebras and 
ultraproducts. Several questions in this area were posed by Monk ( polj , 



[ MoJ , poll ) and we address some of them. General schema of these 



problems can be presented in the following fashion. Let inv be a cardinal 
function on Boolean algebras. Suppose that Bi are Boolean algebras (for 
i < k) and that D is an ultrafilter on the cardinal k. We ask what is the 
relation between inv( FJ Bi/D) and n mv{Bi)/D! For each invariant inv 

i<K i<K 

we may consider two questions: 

(<)inv is inv( n Bi/D) < U mv(Bi)/D possible? 

(>) inv is inv( n Bi/D) > LI mv(Bi)/D possible? 

We deal with these questions for several cardinal invariants. We find it 
helpful to introduce "finite" versions inv n of the invariants. This helps us 
in some problems as inv + (FJ Bi/D) > FJ mv~t,.JBi)/D for each function 

i<K i<K 

f : k — * u such that lim f = uj. 
j D j 

In section 1 we will give a general setting of the subject. These results 

were known much earlier (at least to the second author). We present them 

here to establish a uniform approach to the invariants and show how the 

Los theorem applies. In the last part of this section we present a simple 

method which uses the main result of HMgSh 433 ] to show the consistency 

of the inequality inv( FJ Bi/D) < FJ 'mv(B/)/D for several invariants inv. 

These problems will be fully studied and presented in [MgSh 433]. 



Section 2 is devoted to the (topological) density of Boolean algebras. 
We show here that, in ZFC, the answer to the question (<)d is "yes". This 



improves Theorem A of [KoSh 415] (a consistency result) and answers (neg- 
atively) Problem J of [Mo 2]. It should be remarked here that the answer 
to (>) d is "no" (see pol)] ). 

In the third section we introduce strong A-systems which are one of 
tools for our constructions. Then we apply them to build Boolean algebras 
which (under some set-theoretical assumptions) show that the inequalities 
(>)h-cof and (>)inc are possible (a consistency). These results seem to 
be new, the second one can be considered as a partial answer to Problem 
X of [ Mo 3}| . We get similar constructions for spread, hereditary Lindelof 



degree and hereditary density. However they are not sufficient to give in ZFC 
positive answers to the corresponding questions (>)mv These investigations 
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are continued in | Sh 62Q] , where the respective Boolean algebras are built 
in ZFC. The consistencies of the reverse inequalities will be presented in 
[ MgSh 433| 1. 

The fourth section deals with the independence number and the tight- 
ness. It has been known that both questions (>)i n d and (>)t have the answer 
"yes". In coming paper | MgSh 433 1 it will be shown that (<)md> (<)t may 
be answered positively (a consistency result; see section 1 too). Our re- 
sults here were inspired by other sections of this paper and |Sh 503 ], We 
introduce and study "finite" versions of the independence number getting 
a surprising asymmetry between odd and even cases. A completely new 
cardinal invariant appears naturally here. It has some reflection in what we 
can show for the tightness. Finally we re-present and re- formulate the main 
result of [ Sh 503| 1 (on products of interval Boolean algebras) putting it in 
our general schema and showing explicitly its heart. 

History: A regular study of cardinal invariants of Boolean algebras was 



initialized in | Mo 1 ], where several problems were posed. Those problems 
stimulated and directed the work in the area. Some of the problems were 
naturally related to the behaviour of the invariants in ultraproducts and that 
found a reflection in papers coming later. Several bounds, constructions and 



Pe 


I- 


Sh 345|, | 


KoSh415l, | 


MgSh 433 



[{Sh 479 1, [}5h 503 1. New techniques of constructions of Boolean algebras were 



developed in |Sh 462 ] (though the relevance of the methods for ultraproducts 



was not stated explicitly there). 

This paper is, in a sense, a development of the notes "F99: Notes on 
cardinal invariants. . . " which the second author wrote in January 1993. A 
part of these notes is incorporated here, other results will be presented in 



[ MgSh 43311 and jRoSh 599 [. 

The methods and tools for building Boolean algebras which we present 
here will be applied in a coming paper to deal with the problems of attain- 
ment in different representations of cardinal invariants. 

Notation: Our notation is rather standard. All cardinals are assumed to be 
infinite and usually they are denoted by A, k, 9, O (with possible indexes). 

We say that a family {(sq , . . . , s^-i) : a < A} of finite sequences forms 
a A-system with the root {0, . . . ,m* — 1} (for some m* < m) if the sets 
{s^*, . . . , s^ l _ 1 } (for a < A) are pairwise disjoint and 



(Va < A)(VZ < m*)(sf 



-?) 



In Boolean algebras we use V (and V)> A (and /\) and — for the Boolean 



operations. If B is a Boolean algebra, x £ B then x 



x, x 



-x. 
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The sign © stands for the operation of the free product of Boolean al- 
gebras (see |Ko| , def.11.1) and YY" denotes the weak product of Boolean 
algebras (as defined in |Kc|| , p. 112). 

All Boolean algebras we consider are assumed to be infinite (and we 
will not repeat this assumption). Similarly whenever we consider a cardinal 
invariant inv(i?) we assume that it is infinite. 

Acknowledgment: We would like to thank Professor Donald Monk for his 
very helpful comments at various stages of preparation of the paper as well 
as for many corrections and improvements. 

1 Invariants and ultraproducts 

1.1 Definable cardinal invariants. 

In this section we try to systematize the definition of cardinal invariants 
and we define what is a def. car. invariant (definable cardinal invariant) of 
Boolean algebras. Then we get immediate consequences of this approach 
for ultraproducts. Actually, Boolean algebras are irrelevant in this section 
and can be replaced by any structures. 

Definition 1.1 1. For a (not necessary first order) theory T in the lan- 
guage of Boolean algebras plus one distinguished predicate P = Pq 
(unary if not said otherwise) plus, possibly, some others Pi,P2,... we 
define cardinal invariants invy, inv^ of Boolean algebras by (for a 
Boolean algebra B): 

invr(-B) = f sup{||P|| : (B,P n ) n is a model ofT} 
invJ(-B) = f sup{||P|j + : (B,P n ) n is a model ofT} 
Inv T (B) d = {||P|| : (B,P n ) n is a model ofT} 

We call invp - ^ a def. car. invariant (definable cardinal invariant). 

2. If in 1., T is first order, we call such cardinal invariant a def.f.o.car. in- 
variant (definable first order cardinal invariant). 

3. A theory T is n-universal in (Pq, P\) if all sentences (ft £ T are of the 
form 

(Vxi, . . . ,x n € Po)tp(x), 

where all occurrences of x\, . . . , x n inift are free and Pq does not appear 
there and any appearance of P\ in ift is in the form P\ {x i , . . . , Xi k ) with 
no more complicated terms. 
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If we allow all n then T is said to be universal in (Pq,P\). 
Note: quantifiers can still occur in ip(x) on other variables. 

4- If in 1., T is universal in (Pq, Pi), first order except the demand that Pi 
is a well ordering of Pq we call such cardinal invariant def.u.w.o.car. in- 
variant (definable universal well ordered cardinal invariant) . 

5. If in 1., Pi is a linear order on P (i.e. T says so) and in the definition 
of inv t(B), 'mv + (B) we replace "||P||" by the cofinality of (P, Pi) then 
we call those cardinal invariants def.cof. invariant (definable cofinality 
invariant, cf— invyj; we can have the f.o. and the u.w.o. versions. 
We define similarly cf— Invr(-B) as the set of such cofinalities. To use 
cf— inv we can put it in + (we may omit "cf-" if the context allows 
it). We can use the order type instead of the cofinality and cardinality 
writing ot-inv. For the cardinality we may use car -inv. 

6. For a theory T as in 2., the minimal definable first order cardinal 
invariant of B (determined byT) is mm Invr(P). 



To avoid a long sequence of definitions we refer the reader to Mo 1 ], 



[ Mo 2 ] for definitions of the cardinal functions below. Those invariants which 



are studied in this paper are defined in the respective sections. 

Proposition 1.2 1. The following cardinal invariants of Boolean alge- 
bras are def.f.o.car. invariants (of course each has two versions: inv 
and my + ): 

c (cellularity), Length, irr (irredundance) , cardinality, ind 
(independence), s (spread), Inc (incomparability). 

2. The following cardinal invariants of Boolean algebras are def.f.o.cof. 
invariants: 

hL (hereditary Lindelof), hd (hereditary density). 

3. The following cardinal invariants of Boolean algebras are def.u.w.o.car. 
invariants 

Depth, t (tightness), h-cof (hereditary cofinality), hL, hd. 

4- it (algebraic density) andd (topological density) are minimal def. f.o. card, 
invariants. 



PROOF: All unclear cases are presented in next sections. 
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Proposition 1.3 1. If invj>{B) is a limit cardinal then the sup in the 

definition of uivt{B) is not obtained and invr(-B) = inv^(B). 

2. If"mv^p{B) is not a limit cardinal then it is (invr(-B)) + and the sup in 
the definition q/invy(-B) is obtained. ■ 

Definition 1.4 A linear order (I, <) is Q-like if 

\\I\\ = S and (VaG I)(\\{b € I : b < a}\\ < 6). 

Proposition 1.5 Assume that inv^ is a definable first order cardinal in- 
variant. Assume further that: D is an ultrafilter on a cardinal k, for i < k, 
Bi is a Boolean algebra and B = f\ Bi/D. Then 

i<K 

(a) if Xi < inv^(Sj) for i < k then FJ \/D < iuvj,(B), 

i<K 

(b) n mv%(Bi)/D < inv+{B), 

i<K 

(c) ifinvT(B) < n invT(Bi)/D then for the D-majority of i < k we have: 

i<K 

Xi = invy(Sj) is a limit cardinal and the linear order JJ (Aj, <)/D is 

i<K 

(mvj'(B)) + -like; hence for the D-majority of the i < k we have: Aj is 
a regular limit cardinal (i.e. weakly inaccessible), 

(d) minInv T (-B) < Jl minInv T 

PROOF: (a) This is an immediate consequence of Los theorem. 

(b) For i < k let Xi = inv^(Sj). Suppose A < FJ -V-D. As FJ (\,<)/ D 

i<K i<K 

is a linear order of cardinality > A we find / G II \ such that 

i<K 

\\{g/DGl[X t /D:g/D<f/D}\\>X. 
Since f(i) < inv^(-Bj) (for i < n) we may apply (a) to conclude that 

A<nn/w/^n< in 4(^)- 

i<K 

(c) Let A = uivt(-B), Aj = invr(-Bi) and assume that A < Yl Xi/D. By 

i<K 

part (b) we conclude that then 
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(*) A+ = II mv+{Bi)/D = n mv T (Bi)/D = inv+(5). 

i<K i<K 

Let A = {i < k : m\ T {Bi) < 'mv^(Bi)}. Note that A £ D: if not then 
we may assume A = k and for each i < k we have Aj < invj^(i?j). By 
part (a) and (*) above we get A + = ]J Xi/D < iiw^(B), a contradiction. 

i<K 

Consequently we may assume that A = 0. Thus for each i < k we have 
Aj = invr(-Bj) = inv^(Sj) and Aj is a limit cardinal, A, = suplnvy(i?j) ^ 
InvT(Bi) (byP). 

The linear order FJ (Aj, <)/D is of the cardinality A + (by (*)). Suppose 

that / 6 Tf Aj and choose /ij G Invr(.B,) such that f(i) < [i{ for i < k. 

i<K 

Then || n /(O/^ll < II £ Inv T (n A/D) C A+. Hence the order 

i<K i<K i<K 

I] (\ 1 ,<)/D is A+-like. 

Finally assume that A = {i < k : Aj is singular } 6 O, so w.l.o.g. A = k. 
Choose cofinal subsets Qi of Aj such that Qi C A« = supQj, ||Qi|| = cf(Aj) 
(for i < k) and let M, = (Aj, <, Qj, . . .). Take the ultrapower M = FJ Mi/ D 

and note that M ^"Q M is unbounded in < M ". As earlier, \\Q M \\ = 
II IIQill/- < A so cf( J] (Aj, <)/D) < A what contradicts A + -likeness of 

the product order. 

(d) It follows from (a). ■ 

Definition 1.6 Let (/, <) be a partial order. 

1. The depth Depth(J) of the order I is the supremum of cardinalities of 
well ordered (by <) subsets of I. 

2. I is Q-Depth-like if I is a linear ordering which contains a well ordered 
cofinal subset of length but Depth" 1 " ({6 £ I : b < a}, <) < B for each 
a £ I. 

Lemma 1.7 Let D be an ultrafilter on a cardinal k, A.; (for i < k) be 
cardinals. Then: 

1. if there is a <d -increasing sequence (f a /D '■ ot < /xo) Q JJ (A,- i <)/D, 

i<K 

fio is a cardinal then /xo < Depth + ( FJ (Aj, <)/ D), 

i<K 
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2. Depth( n (A+, <)/D) < Depth+( n {K <)/D) and hence 

i<K i<K 

Depth+(n(A+ <)/D) < (Depth+(n(A l ,<)/ J D)) + . 

i<K i<K 

PROOF: 1) Let m = cf( FJ (A*, <)/D), so m < Depth+( n (A*, <)/D). If 

Mo < Mi then we are done, so let us assume that hq > [i\ and let us consider 
two cases. 

Case A: cf(/io) / Mi- 
Let (gp/ D : (3 < fii) be an increasing sequence cofinal in FJ (Aj, <)/D. For 

i<K 

each i < k choose an increasing sequence (A^ ■ £ < Aj) of subsets of f w (i) 
such that fu (i) = U A\ and \\A\\\ < A«. Then 

(Vq < /i )(3/3 < < « : /„« G 4^,)} G £>) 

and, passing to a subsequence of (f a /D : a < no) if necessary, we may 
assume that for some (3q < fii for all a < fio 

{i < « : / a (i) G 4^)} € D 

(this is the place we use the additional assumption cf(Mo) 7^ Mi)- Each set 
^4* is order-isomorphic to some ordinal o(i) < Aj (as 11^4* /-Jl < Aj). 
These isomorphisms give us a "copy" of the sequence (f a /D : a < //q) below 
some g/D G II Aj/D, witnessing //q < Depth + ( FJ (Aj, <)/D). 

i<K i<K 

Case B: cf(^ ) = Mi < Mo- 

For each regular cardinal \i G (cf (no), Mo) we may apply Case A to \i and the 
sequence (f a /D : a < jj) and conclude \i < Depth + ( FJ (Aj, <)/D). Hence 

i<n 

Mo < Depth + (n(Aj, <)/£>)- Let (// : £ < cf(/x )) C (cf(/x ),Mo) be an 

increasing cofinal in /j,q sequence of regular cardinals. Note that for each 
£ < cf(/xo) and a function / G n Aj we can find a <D-increasing sequence 

i<K 

{h* a : a < fi^} C [] Aj such that / <d h^. Using this fact we construct 
inductively a <£>-increasing sequence {h a /D : a < no) C FJ Aj/-D (which 
will show that ^ < Depth + ( FJ (Aj, <)/D)): 

Suppose we have defined h a for a < ^ (for some £ < cf(/xo))- Since ^ 
is regular and //' 7^ ^1 the sequence (h a /D : a < ^) cannot be cofinal in 
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Y\(\i,<)/D. Take f/D £ Yl Xi/D which <£>-bounds the sequence. By 

i<K i<K 

the previous remark we find a <D-increasing sequence {h a /D : fj£ < a < 
C Yl Xi/D such that / <£> h^. So the sequence : a < is 

i<K 

increasing. 

Now suppose that we have defined h a /D for a < sup ^ for some limit 

ordinal £o < cf(^o)- The cofinality of the sequence (h a /D : a < sup /i^) is 

£<& 

CI X£o) < Mi- Consequently the sequence is bounded in n Xi/D and we may 

i<K 

proceed as in the successor case and define h a / D for a (E [sup ^,//°). 

2) It follows immediately from 1). ■ 

Proposition 1.8 Assume that inv!^ is a definable universal well ordered 
cardinal invariant. Assume further that: D is an ultrafilter on a cardinal n, 
for i < k, Bi is a Boolean algebra and B d = Yl Bi/D. Then 

i<K 

(a) if Xi < mv^(Bi) for i < k then Depth + ]J(Xi,<)/D < mv^(B), 

i<K 

(b) Depth( n (mv+OB;), <)/D) < mv+(B), 

i<K 

(c) if 'imrx(B) < Depth Yl (inv^(Pj), <)/D then for the D-majority of i < 

i<K 

k we have: Xi = f invj'(Pj) is a limit cardinal and the linear order 
Yl (Xi, <)/ D is (invr(-B)) + -Depth-like; hence for the D-majority of 

i<K 

the i < k we have: Xi is a regular limit cardinal, i.e. weakly inaccesible. 
PROOF: (a) Suppose that n < Depth+ Yl (Aj, <)/D. As A; < inv+(P;) 

i<K 

we find P \ P[, . . . such that Mj d = (Bi, P{, . . .) \= T, \\Pfi\\ > A». Look 
at M d = J] Mi/D. Note that (P M , Pf) is a linear ordering such that 

i<K 

Depth+(P M ,P 1 M ) > Depth+ J](Ai, <)/D. 

i<K 

Thus we find P * C P M such that ||P *|| = \i and (P * , Pf) is a well ordering. 
As formulas of T are universal in (Pq, Pi), first order except the demand that 
Pi is a well order on Po we conclude M* = (B, P *, P X M , . . .) |= T. Hence 
H= \\Pq\\ < inv+(P). 
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(b) We consider two cases here 

Case 1: For D-majority of i < k we have invj'(Bj) < inVy(-Bj). 
Then we may assume that for each i < k 

Xi d = mv T (Bi) < inv+(Si) = A+. 

By lemma |1.7| (2) we have 

Depth(n(A+ <)/£>) < Depth+(n(Ai, <)/£>). 

On the other hand, it follows from (a) that 

Depth+ClJCAi, <)/£>) < inv+(£) 

and consequently we are done (in this case). 

Case 2: For D-majority of i < k we have invy(-Bj) = invj (Bj). 

So suppose that invr(-Bi) = mv^(Bi) for each i < k. Suppose that 

g = (g a /D :a</i)cj] invj (Bi)/D 

is a <D~increasing sequence. 

If g is bounded then we apply (a) to conclude that \i < inv^(S). If g is 
unbounded (so cofinal) then there are two possibilities: either fi is a limit 
cardinal or it is a successor. In the first case we apply the previous argument 
to initial segments of g and we conclude /t < invJ(-B). In the second case 
we necessarily have /t = cf(Y\ (iiw^(Bi), <)/ D) = /ij (for some /io) and 

< invJ(-B). Thus /i < mVj,(B). 

Consequently, if there is an increasing (well ordered) sequence of the 
length /i in FJ (invJ(Sj), <)/D then /i < invi(S) and the case 2 is done 

i<K 

too. 

(c) Assume that A d = inv T (£) < Depth U (wv T (Bi),<)/D. By (b) we 

i<K 

get that then 

(**) A+ = Depth n (inv r (Bi), <)JD = Depth n (inv+(5 4 ), <)/D = 

i<K i<K 

invJ(S). 
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Suppose that {i < n : invT(Sj) < invp(l?j)} € D. Then by (a) we have 
Depth+ Y[(mv T (Bi), <)/D < mv+(B), 

but (by (**) and |l.3| ) we know that 

Depth+ JJ(invr(Bi), <)/D = A++ > inv^(B), 

i<K 

a contradiction. Consequently for the D-majority of i < k we have Aj = 
invT(-Bj) = invi(5j) and Aj is a limit cardinal. 

Note that if / £ II inv T (^) then Depth + n (/(*), <)/D < A+ (this is 

i<K i<K 

because of the previous remark, (**) and (a)). Moreover, (**) implies that 
there is an increasing sequence (f a /D : a < A + ) C J[ (invxiBi), <)/D. 

i<K 

By what we noted earlier the sequence has to be unbounded (so cofinal). 
Consequently the linear order Yl (^ nv T(Bi), <)/ D is A + -Depth-like. Now 

assume that A = {i < k : Aj is singular} G D. Let Qi C A, be a cofinal 
subset of Aj of the size cf(Aj) (for i < k). Then Depth 4 " J] (Qi, <)/D < A + 

i<K 

but Yl Qi/D is cofinal in Yl ^ nv T(Bi)/D - a contradiction, as the last order 
has the cofinality A + . ■ 

Proposition 1.9 Assume that mv^ is a definable first order cofinality 
invariant. Assume further that: D is an ultrafilter on a cardinal k, for 

i < k, Bi is a Boolean algebra and B = Yl Bi/D. Then 

i<K 

(a) if \i G Invr(-Bj) for i < k and A = cf ( Yl (Aj, <)/D) then A € Invr(-B), 

i<K 

(b) if inv j, (B) < cf ( Yl i nv T(-Bj)/-C) then for the D -majority of i < k we 

i<K 

have: inv^(Sj) is a limit cardinal. 
PROOF: should be clear. ■ 



Proposition 1.10 Suppose that T is a finite n-universal in (Pq,Pi) the- 
ory in the language of Boolean algebras plus two predicates Po, P\ and the 
theory says that P\ is a linear ordering on Pq. Let invj^ be the respective 
cardinality invariant. Assume further that: D is an ultrafilter on a cardinal 
k, Bi is a Boolean algebra (for i < n) and B = f Yl Bi/D. Lastly assume 

* — > (m)ki n>2 and \£ Inv(B). 

Then for the D -majority of the i < k, \i < invJ(-Bj). 
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PROOF: We may assume that T = {ipo, ip}, where the sentence -00 savs "-Pi 
is a linear ordering of Po" (and we denote this ordering by <) and 

V> = (Vxo < . . . < x n -i)(<j){x)) 

where (j> is a formula in the language of Boolean algebras. Note that a 
formula 

(Vaj , • • ■ ,x n -i G P )((j)(x)) 
as in |1.1| (3) is equivalent to the formula 

f\ (Vx , . . . ,x n -i G P Q )([ f\ x k =xi& f\ x k < xi] =>- <f>o(x)), 

/(*)=/(0 /(*)</(*) 

where, for any / : n — ► n, the formula <^q is obtained from 4> by respective 
replacing appearances of P\(xi,Xj) by either 7^ Xj. Conse- 

quently the above assumption is easily justified. 

Let A = {i < k : fi < inv^(Bj)}. Assume that A g D. As A G lirv T (B) 
we find Po, -Pi such that ||Po|| = A and P\ =< is a linear ordering of Pq and 
(B, Pq, P\) \= ip. For each element of Ff Bi/ D we fix a representative of this 

i<K 

equivalence class (so we will freely pass from f/D to / with no additional 
comments). Now, we define a colouring F : [Po] n — ► k by 

F(f /D, fn-l/D) = the first i G k \ A such that 

if fo/D <...< fn-x/D 

then fo(i), . . . , f n -\(i) are pairwise distinct and 
^ |=0[/ O (i),..., /*-!(»)] 

The respective i exists since A ^ D and 

B h 7o/A • • • , fn-l/D are distinct and 0[/ o /P, . . . , f n -i/D]». 

By the assumption A — ► we find TF G [Po]^ which is homogeneous for 

F. Let i be the constant value of F on PF and put Pq = {/(«) : f/D G VF} 

(recall that we fixed representatives of the equivalence classes) . Now we may 

introduce P[ as the linear ordering of Pq induced by Pi. 

Note that /(») ^ /'(*) for distinct //£>, f/D G PF and if f (i), f n -i(i) G 

Po> /oOO <pi <p» ••• <pi fn-i{i) then / /D < ... < f n -i/D and 

hence 

^ h*o(i),..,/n-l(i)]. 

As ||Po|| = jU, (Bi, Pq, Pf) \= A tpo we conclude that /i < invy(Bj) what 
contradicts i ^ A. ■ 
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One of the tools in study the invariants are "finite" versions of them (for 
invariants determined by infinite theories). Suppose T = {4> n : n < u} and 
if T is supposed to describe a def.u.w.o.car. invariant then (fio already says 
that P\ is a well ordering of Pq. Let T n = {<p m : m < n} for n < u. 

Conclusion 1.11 Suppose that D is a uniform ultrafilter on k, f : k — > uj 
is such that lim/ = u. Let Bi (for i < k) be Boolean algebras, B = 

n Bi/D. 

i<K 

1. IfTis first order then: 

a) if Xi G Inv T /(i)(Sj) (for i < k) then Yl \/D G InvT(-B), 

b) Y[wy+ m (Bi)/D<wv+{B). 

i<K 

2. IfT is u.w.o. then: 

a) if Xi G hxv T f(i)(Bi) (for i < k) and X < Depth + Yl (\, <)/D 

then X G InvyfJS), 

b) Depth n (wv+ m (Bi), <)/D < mv+(B). 

i<K 



PROOF: Like 1.5 and 1.8. 



1.2 An example concerning the question (<)i nv . 

Now we are going to show how the main result of [ MgSh 433| ] may be used 
to give affirmative answers to the questions (<)i nv for several cardinal in- 
variants. 

Proposition 1.12 Suppose that D is an ^-complete ultrafilter on k, Bi^ a 
are Boolean algebras (for a < Aj ; i < k). Let C : Yl — > Yl be a 

i<K i<K 

choice function (so C(x) G x for an equivalence class x G Yl M/D). 



Kk 



1. If Bi= © B i>a then 

a<Xi 



J] Bi/D a B i>C{xm /D : x G J] Xi/D}. 

i<K i<K i<n 
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«• IfB i = Ua<x i Bi, a then 

n ~ n"{n B i,cwo/D e n v^}- ■ 

Definition 1.13 Lei O fre an operation on Boolean algebras. 

1. For a theory T we define the property Dq. - 

□q if /j, is a cardinal, B t are Boolean algebras for i < /x + then 
supinvr(-Bj) < invr( O Bi) and invj-( O Bi) < fi + sup inv-r(i?j). 

2. Of course we may define the respective property for any cardinal in- 
variant (not necessary of the form invj-J. But then we additionally 
demand that r(B) < \\B\\ (where r is the considered invariant). 



Proposition 1.14 Suppose that a def. car. invariant invy (or just an invari- 
ant t ) satisfies either or and suppose that for each cardinal x there 

is a Boolean algebra B such that x < invy(5) and there is no weakly inac- 
cessible cardinal in the interval (x, \\B\\}. Assume further that 

(©) (Aj : i < k) is a sequence of weakly inaccessible cardinals, Aj > k + , D is 
an Ni- complete ultrafilter on n and FJ (Aj, <)/D is fjr-like (for some 

cardinal fi). 

Then there exist Boolean algebras Bi for i < n such that invr(-Bj) = A, (for 
i < k) and invr( FJ Bi/D) < /i. So we have 

i<K 

J] mv T (Bi)/D = fj+ > inv T ([] Bi/D). 

PROOF: Assume that invy satisfies D^. For i < k and a < \ fix an algebra 
Bi t0l such that 

||a|| < inv T (5j >Q ) < \\B ija \\ < Xi 



(possible by our assumptions on invy) and let Bi = © Bi iCt . By 1.12 we 

a<\i 

have 

n B i/° = ®{n B i,c{ X m/D : x e n vl>}, 

i<K i<K i<n 
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where C : YIK/D 
inequality) : 



n Aj is a choice function. So by D@ (the second 



1<K 



inv T (n Bi/D) + sup{inv r ([] B ijC{x){i) /D) : x € ]J h/D}. 



1<K 



1<K 



1<K 



Since ||Bi,a|| < Aj and n (Aj, <)/D is /i + -like for each a; € J} Aj/-D we have 



1<K 



1<K 



mv T (Y[B i<c{x)ii) /D) < Y[ \\B ifi{x){i) \\/D < ft. 



1<K 



1<K 



Moreover, by the first inequality of for each a < Aj 
||a|| < invr(Bj iQ ) < invy(i?,) < = 
and thus inv^(i?j) = Aj. 



A,; 



Remark: 1. The consistency of (0) is the main result of [MgSh 433], 
where several variants of it and their applications are presented. 
2. If invy is either def.f.o.car invariant or def.u.w.o.car invariant then we 
may apply 0|c or 1.8 .c respectively to conclude that for D-majority of i < k 



we have inv(-Bj) = inv + (Sj). Consequently in these cases we may slightly 
modify the construction in 1.14 to get additionally inv(-Bj) = inv + (i?j) for 
each i < k. 

3. Proposition [L.14 applies to several cardinal invariants. For example the 

T 

IT 



condition dL is satisfied by: 



Depth (see §4 of fMoJ), L ength (§7 of goj ), Ind (§10 of 
[ Mo | ), vr-character (§11 of |Mo 2[ ) and the tightness t (§12 of 
| Mol| ). 

Moreover, |1.14| can be applied to the topological density d, as this cardinal 
invariant satisfies the corresponding condition [Note that d( © Bi) = 

max{A, sup d(Bi)}, where A is the first cardinal such that /u + < 2 A , so 

A < /i; see §5 of IMoI .1 



2 Topological density 

The topological density of a Boolean algebra B (i.e. the density of its Stone 
space Ult B) equals to min{«: : B is K-centered}. To describe it as a minimal 
definable first order cardinality invariant we use the theory defined below. 
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Definition 2.1 1. For n < uj define the formulas (j)^ by: 
$ = (Vx)(3yeP )(x^0 => Pi(y,x)) h {Vx){VyeP ){Pi{y,x) ^ s + 0) 
and /or n > 0: 

<f>* = (Vx ,...,x n )(Vy e fb)(Pi(l/,s ) &...&Pi(y,ic n ) =>• a;oA...Ax n ^ 0). 
g. Forn<uj let T% = {(j) k : k < n}. 

3. For a Boolean algebra B , n < uj we put d n {B) = minInvj'«(P). 

4- For 1 < n < uj, a subset X of a Boolean algebra B has the n— 
intersection property provided that the meet of any n elements of X 
is nonzero; if X has the n -intersection property for all n, then X is 
centered, or has the finite intersection property. 

Note that d u {B) is the topological density d{B) of B. Since Tj 1 = 0, the 
invariant do(B) is just 0. The theory T^ +1 says that for each y € Po the 

set X y = f {x : Pi(y,x)} has the n + 1-intersection property and (J X y = 

yeP 

B \ {0}. Thus, for 1 < n < uj, d n (B) is the smallest cardinal k such that 
B \ {0} is the union of n sets having the n-intersection property. 

We easily get (like |1.11| ): 

Fact 2.2 1. For a Boolean algebra B, the sequence (d n (B) : 1 < n < uj) 
is increasing and d(B) < f] d n (B). 

l<n<uj 

2. If D is an ultrafilter on a cardinal k, f : K — > uj is a function such 
that lim/ = uj and B{ (for i < k) are Boolean algebras 

then d( n Bi/D) < n d^B^/D. ■ 

i<K i<K 

Fact 2.3 1. Ifl < n < uj and X is a dense subset o/P\{0}, then d n (B) 
is the least cardinal k such that X can be written as a union of k sets 
each with the n-intersection property. 

2. If X is a dense subset of B \ {0}, then d U) {B) is the least cardinal k 
such that X can be written as a union of k sets each with the finite 
intersection property. 

3. If B is an interval Boolean algebra then ^(P) = d(B). 
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PROOF: Suppose X C B \ {0} is dense, 1 < n < u>. Obviously X can 
be written as a union of d n (B) sets each with the n-intersection property. 

If X = [J y„ where Yi have the n-intersection property, let Zi = f {b G 

B : (By G < fr)}- Then each Zi has the n-intersection property and 

B \ {0} = U . This proves condition 1; condition 2 is proved similarly. 

Condition 3 follows since for an interval algebra B intervals are dense in B 

k 

and if ai, . . . ,Ofc are intervals such that A chj ^ then f\ Oi 7^ 0. ■ 

A natural question that arises here is if we can distinguish the invariants 
d n . The positive answer is given by the examples below. 

Example 2.4 Let k be an infinite cardinal, n > 2. There is a Boolean 
algebra B such that d n (B) > k, d n ^\(B) < 2 <K . 

PROOF: Let B be the Boolean algebra generated freely by {x v : r/ £ K n} 
except: 

if v <E K> n, v"{l) Qr]i e K n (for / < n) 
then x % A ... A x r?n _ 1 = 0. 

Suppose that B + = {J Di. For r/ G K n let i(r/) < k be such that G -D^)- 
Now we inductively try to define rf G K n: 

assume that we have defined rf \i (i < k) and we want to choose 
rj*(i). If there is / < n such that i(r]) 7^ i for each r] 5 rj*\i"{l) 
then we choose one such I and put = /. If there is no such 
I then we stop our construction. 

If the construction was stopped at stage i < k (i.e. we were not able to 
choose n*(i)) then for each I < n we have a sequence r]i G K n such that 
7?*fr(Z) C 7# andi(??i) = i Thusx vo , . . . ,x r?n „ 1 G A andx^A. . -Aa;^.! = 0, 
so that Di does not satisfy the n-intersection property. If we could carry 
our construction up to k then we would get n* G K n such that x v * ^ |J flj. 

i<K 

Consequently the procedure had to stop and we have proved that d n (B) > k. 

Now we are going to show that d n -\(B) < 2 <K . Let X be the set of all 
nonzero elements of B of the form 

x m A . . . A x m A (-x m+1 ) A ... A (-x Vk ) 

in which the sequences no, . . . , n^ G K n are pairwise distinct, < I < k < to. 
Clearly X is dense in B. We are going to apply fact |2.3| (1). To this end, if 
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< I < k, a < k, and (uq, . . . , v^) is a sequence of distinct members of a n, 
let D l / k,a * be the set 

{x Vo A. ■ .Ax m A(-x m+1 )A. ■ .A(-x Vk ) :yo^oe K n,...,i' t Ci) t e K n}\{0}. 

Note that X is the union of all these sets. There are 2 <K possibilities for 
the parameters, so it suffices to show that each of the sets D l ,' k,a , has the 

^ ' (vo,...,v k ) 

(n — l)-intersection property. 

Before beginning on this, note that if 770,...,% € K n are such that 
rji ^ r/j when i < I < j < k and 

B |= x vo A ... A x m A {-x m+1 ) A ... A (-x„ fc ) = 0, 

then necessarily there is v <G <K n such that 

(Vm < n)(3z < /)(zA(m) C r^). 

Now we check that D l ^ a , has the (n — l)-intersection property, where 
0</</c<lj, a<K, and fo, . . . , Vk are pairwise distinct elements of a n. 
Thus suppose that 

x j A ... A Xi A (—x j ) A ... A (-x j ) 
are members of D l ^ a . for each j < n — 1; and suppose that 

B \= A ^ A --- A A A (-^ +1 ) A --- A A (-v fe ) = - 

j<n— 1 j<n— 1 j<n— 1 jr'<n— 1 

By the above remark, choose ^ <G <K n such that for all m < n there exist 
an i(m) < I and a j(m) < n — 1 such that zA(m) C (note that if 

jo, ji < n - 1, i < I and I + 1 < i\ < k then ^ rf^ as v , . . . , zv fc are 
pairwise distinct). 

Case 1: f j C for some i <k. 

Then for each m < n we have z^ C v C v"(m) C 77^™? and consequently 
i(m) = i (for m < n). As j( m ) < n — 1 for m < n we find mo < mi < n — 1 
such that j( m o) = j( m i) = j- Then /(mo) C ?r|, zA(mi) C give a 
contradiction. 

Case 2: f « <2 z^ for all i < A;. 

Note that for all m < n the sequences v"(m) and z^( m ) are compatible. By 
the case we are in, it follows that v is shorter than fj( m ). So zA(m) C fj( m ), 
i(m) < Z. But then by construction, D l ^ a v ^ is empty, a contradiction. 
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Example 2.5 Let Aj be cardinals (for i < k) such that 2 K < Yl Xi, 2 < 

i<K 

n < to. Then there is a Boolean algebra B such that 

dn-i(B) < ]T n Xi and d n {B) = \\B\\ = J] A t . 

«<Ki<« i<n 

In particular, if X is a strong limit cardinal, cf(A) < X, 2 < n < oj then there 
is a Boolean algebra B such that d n (B) = = 2 X , d n -\{B) < X. 

PROOF: Let B be the Boolean algebra generated freely by {x v : r\ G II ^i} 

i<K 

except that: 

if a < K, v G II \, v C 7]i G n A i; ||{^(a) : I < n}\\ = n 

i<a i<K 

then x Vo A . . . A x J]n _ 1 = 
The same arguments as in the previous example show that 

dn-l(B) < E I1 A - 

Suppose now that n \ = [J{Dj : j < 6 < ]J Xi and if r/o, • • • , Vn-i £ 

Dj, j < then x Vo A ... A x r)n _ 1 ^ 0. Thus the trees Tj = {rj\a : a < k, rj E 
Dj} have no splitting into more than n — 1 points and hence \\D ,-|| < n K < 
n Xi for all j < 6 and we get a contradiction, proving d n (B) = FJ Aj. ■ 

Corollary 2.6 Lei X be a strong limit cardinal, k < cf(A) < A. Suppose 
that D is an ultrafilter on k which is not complete. Then there exist 
Boolean algebras Bi (for i < k) such that 

d(H Bi/D) < X < 2 X = H d{B,i)/D. 

PROOF: As D is not Hi-complete we find a function / : k — ► oj \ 2 such 
that lim/ = oj. Let Bi be such that \\Bi\\ = df^ + i(Bi) = 2 A , df^(B{) < X 



(see ^5|). Then, by |2J, we have d( U Bi/D) < U d f{i) (Bi)/D < A K = A. 

i<K i<K 

As d(Bi) = d m+1 (Bi) = 2 A we have II d(Bi)/D = 2 X . ■ 

i<K 



Remark: 1. Corollary [2^ applied e.g. to A = '3 Ul , k = oj gives a negative 
answer to Problem J of goj . 
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2. The algebras Bi in ^6] are of a quite large size: \\Bi\\ = 2 A , A strong 
limit of the cofinality > k. Moreover the cardinal A had to be singular. The 
natural question if these are real limitations is answered by the theorem 
below. This example, though more complicated than the previous ones, has 
several nice properties. E.g. it produces algebras of the size 2( 2 *°) + already. 

Theorem 2.7 Assume that 9 = cf(0), 9 K = 9. Then there are Boolean 
algebras -B 7 for 7 < k such that d(B^) = d,2{Bj) = 9 + and d( FJ B^/D) < 9 

for every non-principal ultrafilter D on k. 

PROOF: Let A = 2 9 . Choose rj aji G e 9 for a < A, i < 9+ such that 
1- if Vai,h = Va 2 ,i2 tnen = ( a 2,h), 

2. for each / G 9 9 and i < 9+ the set {a < A : (Ve < 9){f{e) < rjaA £ ))} is 

of the size A 

(the choice is possible as there is 2 e = A pairs (/, i) to take care of and for 
each such pair we have 2 e candidates for rj a> i). 

For two functions f,g £ e 9 we write / <* g if and only if 

\\{e<9:f(e)>g(e)}\\<9. 

We say that a set A C A x 9 + is i-large (for i < 9 + ) if for every / £ 9 9 we 
have || {a <A:(a,i)eife/<* ^a,*}!! = ^ an d we sa y that j4 is large if 
sup{i < ^ + : ^4 is i-large} = 6* + . 

Claim 2.7.1 The union of at most 9 sets which are not large is not large. 
Proof of the claim: Should be clear as cf(#) = 9 < cf(A). 

Now we are going to describe the construction of the Boolean algebras 
we need. First suppose that S C {j < 9 + : cf(j') = 9} is a stationary set and 
let S + = {(a, j) G A x 9 + : j G S}. Now choose a sequence F = (F e : e < 9) 
such that: 

3. F £ is a function with the domain dom(i ? £ ) = S + , 

4. if i G S, a < A then F e (a, i) = (F £i i(a, i), F £; 2(cn, i)) G A x i, 

5. if i G 5, a < A then the sequence {F e ^{pL, i) '■ £ < 9) is strictly increasing 

with the limit i, 

6. if (A e : £ < 9) is a sequence of large subsets of A x 9 + then for some 

stationary set 5" C S for each i G S" , / G 9 9 we have 

||{q < A : / <* r, a ,i & (Ve < 9)(F £ (a,i) G A E )}|| = A, 
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7. if e < C < then r]F £ ( a ,'i) <* VF ( (a,i)- 

To construct the sequence F fix i G S. Let {(f a , 9a, ja) '■ ot < A} enumerate 
with A-repetitions all triples (f,g,j) such that / G j = (j e : e < 6*} is an 
increasing cofinal sequence in i and g G 9 A is such that 

(*) £ < C < => ^ (£)Je <* r? g(c))jc 

(recall that cf(z) = 0, A = 2 61 ). Now we inductively choose (/3 a : a < A) C A 
such that (3 a {[3s : 5 < a}, / a <* 77^3 (this is possible by (2)). Finally 
for a < A and e < define F £ (a, i) by: 

if a = (3s for some (5 < A then F £ (a,i) = (gs(e),j £ ), 
if a i {f3 s : <5 < A} then F e (a,i) = (g a (e),j?) 

(where js = (j £ : e < 0)). Easily conditions (3)-(5) and (7) are satisfied. 
To check clause (6) suppose that (A £ : e < 9) is a sequence of large sets 
and let S' be the set of alH G S such that there exists an increasing cofinal 
sequence (j £ : e < 9) C i such that A e is j e -large (for each e < 9). The set 5" 
is stationary. [Why? For e < 9 let C e be the set of all points in 9 + which are 
limits of increasing sequences from {j < 9 + : A £ is j-large}. Clearly each 
C £ is a club of 9 + and thus f| C £ is a club of 6> + . Now one easily checks 

e<6» 

that Sn f] C £ C S'.] 

e<e 

We are going to show that S' works for (A £ : e < 9). Take i G S' and 
suppose that / G e 0. Let j = (j £ : e < 9} C i be an increasing cofinal 
sequence witnessing i G S". Take g G e A such that 

£ < ( < [^ ff(e)Je <* r/ 9(c)jic & ( 5 (e), j e ) G A £ ] 

(possible by the j e -largeness of A £ and the regularity of 9). When we defined 
F £ {a,i) (for e < 9, a < A), the triple (f,g,j) appeared A times in the 
enumeration {(f a ,g a ,j a ) : a < A}. Whenever (f,g,j) = (f a ,g a ,j a ) we had 
F £ ((3 a ,i) = (g a (e),j £ ) = {g{e),je) G A and f = f a <* 77^. Consequently 
if i G 5', / G e fl then 

||{a < A : / <* ^ & (Ve < 0)(F e (a,i) G A £ )}\\ = A 

and condition (6) holds. 

For the sequence F we define a Boolean algebra B F : it is freely generated 
by {x a j : a < X,i < 9 + } except that 

if F £ (a±,ii) = (02,22) for some e < 9 
then x aii 3 1 A x a2 ^ 2 — 0* 
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Now fix a sequence (S 7 : 7 < k) of pairwise disjoint stationary subsets of 
{j G 9 + : cf(j') = 9} and for each 7 < k fix a sequence F 7 = (F e 7 : e < 6) 
satisfying conditions (3)-(7) above (for S'-y). 

Claim 2.7.2 For each 7 < k, d 2 (-Bp 7 ) > 

Proof of the claim: Let F = F^ and suppose that I?i = U D £ . Let 

t4 £ = {(a,i) : x a ^ G D £ } and let A' £ = A £ if A £ is large and A' e = X x 9 + 
otherwise. So the sets A' e are large (for e < 9) and by condition (6) the set 

A = {(a,i) G A x 9 + : (Ve < 0)(F 6 (a,») G 4)} 

is large too. Since A £ 7^ A £ implies that A £ is not large we get (by |2.7.1 ) 
that 

A \ \J{A £ :A £ + ti e he<9} + §. 

So take (a,i) G A\ \J{A £ : A e ^ A' e & e < 9}. We find e < 9 such that 
Xa,i G -^e ( so (cm) ^ -Ae)- Then j4 £ = A' £ and we get F £ (a,i) G Hence 
^0,41^^(0,1) £ A; ano - A a;F e (a,i) = 0- 

Claim 2.7.3 Xei D be a non-principal ultrafilter on k. 
Then d{ n Bp /D) < 9. 

Proof of the claim: Fix functions h : 9 + x 9 + — ► 9 and h* : 9 + x 9 — ► 9 + 
such that for i G (6»,6»+), ( e 9: 

31 <32<i => h(i,jt) / h(i,j 2 ), h*(i,() < i and 
j<i h*(i,h(i,j)) = j. 

For 7 < k let Z 7 C £?p be the set of all meets x ao A ... A x 0in _ 1 A (— Xfe ) A 
. . . A (— Xb m _ 1 ) such that: 

ao, . . . , a n -i, 60, ... , b m -\ G A x 9 + are with no repetition, 
for all k, I < n, r < m and all e < 9 

F?(a k )^ ai & F^(b r )^ ai & F]{ ai )^b r 
Clearly Z 7 is dense in Bp and Z = f n Z y /D is dense in n -^f /-D. For 

7<k 7<k 7 

e G n -^7 an d 7 < re let: 

7<K 

• e(7) = A x a{e,l,i) A A -Z6(e,Z, 7 ), 
/<n(e,7) Z<m(e,7) 
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• a(e,l,j) = (a(e,Z,7),i(e,Z,7)), 

• b(e,l,i) = G9(e,Z,7),j'(e,i,7)), 

• base 7 (e) = {a(e, Z, 7) : Z < n(e, 7)} U {6(e, Z, 7) : / < m(e, 7)}, 

• base(e) = [j base 7 (e), 

7<K 

• uo(e) = {i < 6> + : (3a < A)((a,«) G base(e))}, 

• ui(e) be the (topological) closure of uo(e), 

• U2(e) be the closure of ui(e) under the functions Zi, Zi*, 

• C( e ) De the first e < 9 such that 

(V7 < K)(V(a,i) € base(e) n dom(F £ 7 ))(sup(ui(e) n «) < F 7 2 (a,i)). 

[Note that ||base(e)|| < re < cf(0) = 9, so ||u (e)||, ||ui(e)||, ||u 2 (e)|| < re; 
looking at the definition of £(e) remember that (a, i) G dom(i ?7 ) implies 
cf (i) = 9.} 

Next for each 7 < re, (a, i) G S!+, Co < # choose e^ Q (a,i) < such that 
the sequence (riF^(a,i)( £ J ( a ^)) '■ C < Co) is strictly increasing (it is enough 
to take (a, i) sufficiently large - apply condition (7) for remembering 
Co < 9). Further, for (a,i), (fl,j) G A x 9 + , 7 < re and Co < 9 such that 
^ {F^(a,i) : e < Co} choose eJ o ((a,i), (/?, j)) < 9 such that for every 
C<Co: 

either r/ F 7 (a)i) (£ 7 o ((o:,z), (J3,j))) + ?? /3 , i (e^ ((a, i), (J3,j))) 

or ^(a,*)( e Co( a '*)) ^ ^J'( £ Co ("'*)) 
(this is possible as the second condition may fail for at most one C < Co : the 
sequence (Vf^ (a,i)( £ l( a ^)) '■ C < Co) is strictly increasing). Next, for each 
e G II ^7 an d 7 < k choose a finite set A^e) C such that: 

8. if a, 6 G base 7 (e) are distinct then ry a fX ) ,(e) 7^ r^X^e), 

9. if a G base 7 (e) n then eJ (e) (a) G Xy(e), 

10. if a, 6 G base 7 (e) then ej^(a, b) G -Y 7 (e) (if defined), 

(remember that base 7 (e) is finite). Finally we define a function H on FJ Z 7 

7<K 

such that for e S [| ^7 the value -ff(e) is the sequence consisting of the 

7<K 

following objects: 
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11. (n(e,7) : 7 < k), 

12. (m(e,7) : 7 < k), 

13. C(e), 

14. (A" 7 (e) : 7 < k), 

15. ((7, 1, f)a(e,l,i) \ x ii e )) -1 < n,l < n(e, 7)}, 

16. ((7, %(e,J, 7 ) t^7( e )) : 7 < «, I < m { e i 7)}, 

17. u 2 (e)ne, 

18. {(otp(z n U2(e)), otp(z n «i(e))) : z G ii 2 (e)}. 

Since 9 K = 9 we easily check that ||rng(ii")|| < 0. For T G rng(iJ) let 
Z r = {e G JJ Z 7 : il(e) = T} and Z T = {e/L> : e G Z T } C Z. 

7<K 

The claim will be proved if we show that 

for each T G rng(iJ) the set Z\ is centered. 

First note that if e, e' G then zi2(e) H U2(e') is an initial segment of both 
U2(e) and ^(e'). Why? Suppose that j < i & U2(e) H ^(e'), j G U2(e). If 
j < 9 then j G U2(e') since zz 2 (e) (~l 6* = U2(e') PI 0. Suppose that 9 < j < 9 + . 
Then j) G u 2 (e) n 6> = u 2 (e') n and so j = h*(i,h(i,j)) G u 2 (e'). This 
shows that u 2 (e) n n 2 (e') is an initial segment of ii 2 (e). Similarly for ^(e')- 
Applying to this fact condition (18) we may conclude that u\{e) f~l «i(e') is 
an initial segment of both u\(e) and iti(e') for e, e' G Zy. [Why? Assume 
not. Let i < 9 + be the first such that there is j G u\(e) n «i(e') above z but 

i G («i(e) \ ui(e')) U (m(e') \ m(e)). 

By symmetry we may assume that i G u\(e) \ ui(e'). Let z* be the first 
element of 112(e) above i. Then necessarily i* < j (as j G u\(e) n ui(e') C 
U2{e) n u 2 (e')) and hence i* G ti 2 (e') (and z* is the first element of U2(e') 
above i). By the choice of we have 

i, i* G u 2 (e) PI n 2 (e'), z n ui(e) = z n ui(e'), and z* fl zz 2 (e) = z* n -u 2 (e'). 
But now we may apply condition (18) to conclude that 

(otp(z* n zz 2 (e)), otp(z* (~l ui(e))) = (otp(z* n u 2 (e')), otp(z* n ui(e'))) 
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and therefore 

otp(z* (~l ui(e')) = otp(i* n «i(e)) = otp(i n t*i(e)) + 1 = otp(i n ui(e')) + 1- 

As there is no point of ui(e') in the interval [i, i*) (remember ui(e') C U2{e')) 
we get a contradiction.] 

For e € we have: n(e, 7) = 71(7), m(e, 7) = 771(7), C( e ) = C*j <-f 7 (e) = A" 7 . 
Let eo, • • • , Sk-i G ^T- We are going to show that 

IJ BpjD h e /Z? A ... A e k - X /D ± 

7<K 

and for this we have to prove that 

4 ,..,e fc -i = f {7 < ^ : B Fi \= f\ [ f\ x ( ei) i )7 )A /\ -X6( ej -,j,7)] / 0} G D. 

i<fc /<n( 7 ) Km(-y) 

First let us ask what can be the reasons for 

At A X a{?j,l,*i) A A -^(e„/, 7 )] = 0. 
j<fc /<n( 7 ) i<m( 7 ) 

There are essentially two cases here: either x a A (—x a ) appears on the left- 
hand side of the above equality or x a A x F i^ (for some Q < 6) appears 
there. Suppose that the first case happens. Then we have distinct ji, j'2 < 
k such that a(ej 1: li, 7) = b(ej 2 , I2, 7) for some By (15) (and the 

definition of Zy) we have 7? a ( ejl ,/ ll7 ) = Va(e, 2 ,h,y) \Xf and by (8) we have 
Va(e j2 ,h,j)\ x i + Vb(e j2 ,h,j)\ X y Consequently Va(e n ,h,i)^ X y + Vb(e j2 ,l 2 ,j)\ X i, 
a contradiction. Consider now the second case and suppose additionally 
that ( < (*. Thus we assume that for some £ < (*, for some distinct 
ii ; j2 < k and some Zi,Z 2 < 71(7) we have F^(a(ej 1 , l\, 7)) = a(ej 2 , Z2 , 7). 
Then by (15) we get 77 a(e ^ 2)7 ) r^ 7 = r/ a(eji Mn) \X T As C < C* we have that 
[by the choice of e^ r (a(ej 1 ,li, 7), a(ej 1 ,l2 £ 1*( a { e jnh,^)) ~ note that 
F2{a(e h ,h,l)) + o.{e h ,h,i) for all e < (*]: 

either ri F ^ {a{ejijlul)) (e' y c {a(e jl ,l 1 ,j),a{e jl ,l2,7))) + 
r}a{e h ,i 2 ,i)( £ }* (°( e ii ' h,l),a(e h , Z 2 , 7))) 

or »/j!j , (o(e il> ii,7))( e C , ( a ( e J'i' i l'7))) # ??a(e n ,/ 2 , 7 )(4*( a ( e ii' Z l'^))) 

and e^(a(e J - 1 ,Zi,7),a(e J - 1 ,Z 2 ,7)),e^(a(e J - 1 ,/i,7)) G «Y 7 (by (9), (10); note 
that in the definition of e^(a, b) we allowed a = b so no problem appears if 
Zi = Z 2 ). Hence 77 F 7 (a(eji ^ 1)7)) r^ 7 / Va(e h ,h,7) \ X i and thus ^(0(6^1,7)) ^7 ^ 
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7 la(e j2 ,i 2 ,7) 1^7' a contradiction. Consequently, the considered equality may 
hold only if x a A Xpi/ a \ appears there for some Q > £*• 

Asume now that / eo ,...,e fc _ 1 ^ D. From the above considerations we 
know that for each 7 G n \ J eo> ... je we find distinct ,71(7), .72(7) < k and 
^1(7)^2(7) < "(7) and C7 G (C*)^) such that 

(**) F c 7 ( a ( e ii(7)' h(j),-y)) = o(e ia ( 7 ),Z 2 (7),7) 

(note that (**) implies afe^^, /1 (7), 7) G dom(F^), ^(e^^), ^1(7), 7) G 5 7 ). 
We have assumed that k \ I eo ,...,e k _ 1 £ 5 so we find j±, j 2 < A; such that 

J d J: f { 7 G K \ J e0) ... jefe _ 1 : ji( 7 ) = ji, j 2 (7) = 32} G £>• 

As we have remarked after (**), i(ej 1 , Zi(7), 7) G 5 7 (for 7 G J) and con- 
sequently there are no repetitions in the sequence (i(ej 1 , £1(7), 7) : 7 G 
J) (and J is infinite). Choose 7„ G J (for n G w) such that the se- 
quence (i(e jl ,/i(7 n ),7„) : G w) is strictly increasing (so i(ej x , h{^ n ), In) e 
itlCe^J n i(e J - 1 ,/i(7 n+ i),7 n+ i)) and let i = limi(e il ,li(7 ri ),7 n ). B Y the def- 
inition of C(e),C* and the fact that C 7 > £* for all 7 G J (and by (5)) we 
have that for 7 G J 

^( e ii^i(7),7) \sup(ui(e jl ) ni(e jl ,/i(7),7)). 
Applying this for 7 n +i we conclude 

«'( e ji> Z l(7n),7n) < «(e j2 ,/2(7n+i),7n+i) < Zl (7n+l ) , 7n+l ) 

and i = limi(ej 2 , ^2(7n),7n)- Since ni(ej 1 ), u\(ej 2 ) are closed we conclude 
that i G ^(e^) Pi «i(e.,- 2 ). From the remark we did after the definition of Zy 
we know that the last set is an initial segment of both ui{ej^) and u\{ej 2 ). 
But this gives a contradiction: i(ej 2 , hi'Jn+i), 7n+l) G u i( e j2) \ u i( e ji) an d 
it is below 2 G ni(e jl ) PI ui(ej 2 ). The claim is proved. 



Similarly as in claim |2.7.3| (but much easier) one can prove that really 
d(B p J = 0+. m 

We want to finish this section with posing two questions motivated by 
H| and [D]: 

Problem 2.8 Are the following theories consistent? 
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1. ZFC + there is a cardinal k such that for each Boolean algebra B, 

d n {B)<K d n+1 {B)<2 K . 

2. ZFC + there is a cardinal 6 such that 9^° = 9 and for each Boolean 
algebra B and a non-principal ultrafilter D on to 

d(B) < 9 d(B w /D) < 2 e . 

3 Hereditary cofinality and spread 
3.1 The invariants 

The hereditary cofinality of a Boolean algebra B is the cardinal 

h-cof(P) = mm{re : (VX C B)(3C C X)(||C|| < k & C is cofinal in X)}. 

It can be represented as a def.u.w.o.car. invariant if we use the following 
description of it (see | |Mo 

(®h-oof) h-cof(J3) = sup{||X|| :ICB&(I,< B )is well-founded }. 
Let the theory Th_ co f introduce predicates Pq,P\ on which it says that: 

• Pi is a well ordering of Po, 

• (\/xq,xi G Po)(xq < X\ Px(xq,X\)) 

(in the above < stands for the respective relation of the Boolean algebra). 
Clearly ?h_ co f determines a def.u.w.o.car. invariant and 

Inv Th _ cof (B) = {\\X\\ : X C B & (X, <) is well-founded}. 

The spread s(B) of a Boolean algebra B is 

s(B) = sup{||5|| : S C Ult B & S is discrete in the relative topology}. 

It can be easily described as a def.f.o.car. invariant: the suitable theory 
T s introduces predicates Pq,P\ and it says that for each x € Po the set 
{y : Pi(x,y)} is an ultrafilter and the ultrafilters form a discrete set (in 
the relative topology). Sometimes it is useful to remember the following 
characterization of s(B) (see [ Mo lf| ): 



(<8> s ) s(B) = sup{||X|| : X C B is ideal-independent}. 
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Using this characterization we can write s(B) = 8u(B), where 

Definition 3.1 1. <p s n is the formula saying that no member of Po can 
be covered by union ofn + 1 other elements of Pq. 

2. For <n<uj let T™ = {4> s k : k < n}. 

3. For a Boolean algebra B and < n < u>: s$~\b) = inv^(-B) (so s n 

1 s 

are def.f.o.car. invariants). 

The hereditary density of a Boolean algebra B is the cardinal 

hd(B) = sup{dS : S C Ult B} 

where dS is the (topological) density of the space S. The following charac- 
terization of hd(i?) is important for our purposes (see | Mo 1[| ): 

(<8>hd) hd(B) = sup{||«;|| : there is a strictly decreasing sequence of ideals 
(in B) of the length k }. 

We should remark here that on both sides of the equality we have sup but 
the attainment does not have to be the same. If the sup of the left hand 
side (hd(-B)) is obtained then so is the sup of the other side. If the right 
hand side sup is obtained AND hd(B) is regular then the sup of hd(-B) is 
realized. An open problem is what can happen if hd(B) is singular. 
The hereditary Lindelof degree of a Boolean algebra B is 

hL(.B) = sup{LS : S C Ult B}, 

where for a topological space S, LS is the minimal k such that every open 
cover of S has a subcover of size < k. The following characterization of 
hL(B) is crucial for us (see Mo 1| ): 

(<X>hL) hL(B) = sup{||fc|| : there is a strictly increasing sequence of ideals 
(in B) of the length k }. 

Note: we may have here differences in the attainment, like in the case of hd. 

Definition 3.2 1. Let the formula ip say that P\ is a well ordering of Pq 
(denoted by <i). 

2. For n < uj let 0j} d ; <^ L fre the following formulas: 

4% d = ip k (Va; , • • -,x n+ i G Pq)(x <i ... <i x n+ i =4> x % X\\J. . .Vx n+ i) 
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(f>^ L = ip k (Vx , • • • , x n+ i € P )(x n+1 <i . . . <i x x ^ x\ V . . . V 

X n +l)- 

3. For < n < uj we let T£ d = {<p\ d :k<n}, Tg L = {(j)\ h :k<n}. 

4. For a Boolean algebra B and < n < to: 

hd<+>(5) = inv«(£), hl4+)(B) = invJg(S). 

hd hL 

So hd n , hL n are def.u.w.o.car. invariants and hd w = hd, hL w = hL (the sets 
InvT£j(-B), Invr^ L (S) agree with the sets on the right-hand sides of (®hd) 5 
(®hL)> respectively). 

3.2 Constructions from strong A-systems. 

One of our tools for constructing examples of Boolean algebras is an object 
taken from the pcf theory. 

Definition 3.3 1. A weak A-system (for a regular cardinal X) is a se- 
quence S = (5, A, /) such that 

a) 5 is a limit ordinal, \\5\\ < A, 

b) A = (Xi : i < 5} is a strictly increasing sequence of regular cardi- 
nals, 

c ) / = (fa : a < A) C Yl Xi is a sequence of pairwise distinct 

i<8 

functions, 

d) for every i < 5, \\{f a \i : a < X}\\ < sup A;. 

i<8 

2. A A-system is a sequence S = (S, A, /, J) such that So = {5, A, /) is a 
weak X- system and 

e) J is an ideal on 5 extending the ideal J^ d of bounded subsets of S, 

f) f is a <, j -increasing sequence cofinal in Yl (Aj, <)/«/, 

i<8 

g) for every i < 5, \\{f a \i : a < X}\\ < Aj. 

In this situation we say that the system S extends the weak system So . 

3. S = (5,X, f, J, (A{ : ( < k)) is a strong A-system for k if (5, A, /, J) is 
a X-system and 

h) cf(8) < k, sup A; < 2 K , 

i<8 



[RoSh 534] 



February 1, 2008 29 



i) A^ C 5, J (for Q < k) are pairwise disjoint. 

In ZFC, there is a class of cardinals A for which there are (weak, strong) 
A-systems. We can even demand that, for (weak) A-systems, A is the succes- 
sor of a cardinal Ao satisfying Ag = Ao (what is relevant for ultraproducts, 
see below). More precisely: 

Fact 3.4 1. If /x <K < /x K = A then there is a weak X-system S = (<5, A, /) 
such that sup Aj < /i, d = k. 

2. If k = cf (k) and 

(*) k > K , /i = A t<K < K cf (^) < 
or even 

(*)- cf(/i) = K, 

{W)(3ne < m)(Vx)O"0 < x < V & cf(x) = pp e (x) < m) 

i/ien i/iere is a X-system S = (5,X,f,J) such that = supAj, 5 = k 
(see USh 37$ ). 



3. If k = N ; cf(/it) = Ho < /-t cmd 

either X* = cov(^i, /x, Ni, 2) 

or A* = A H ° & (Vx < /u)(x X ° < fj) 

then for many regular X G (/i, A*) i/iere are X-systems (X = fi^ really) 
(see H/Sh 43 (\J . 



4- There is a class of cardinals X for which there are strong X-systems (for 
some infinite k ), even if we additionally demand that X is a successor 
cardinal (see fiSh 40L }, iSh 4-lQj or the proof of 4-4 °f jSh 46W)- ■ 



Theorem 3.5 Assume that there exists a strong X-system for k, X a regular 
cardinal. Let 9 be an infinite cardinal < k. Then there are Boolean algebras 
B £ (for e < 6) such that invj { (B £ ) < A and for any ultrafilter D on 6 
containing all co-bounded sets we have s+( Y\ B e /D) > X. 
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PROOF: The algebras B £ 's are modifications of the algebra constructed in 
Lemma 4.2 of [ Sh 462 1 . Let (5,X,f,J,(A^ : ( < k)) be a strong A-system 
for k. For distinct a, (3 < A let p(a,{3) = min{i < 5 : f a (i) ^ fp(i)}- 

Take a decreasing sequence {w £ : e < 6) of subsets of k such that \\w £ \\ = 
k and p| w e = 0. 

e<9 

Fix e < 9. 

For i < 5 choose a family {Fi£ : ( < k} of subsets of {/ a f« : a < A} such 
that if ATi,AT2 €E [{/at* : a < A}] <w then for some £ < k we have ATi = 
Fj^ n (Ali U X2) (possible as 2 K > Aj). Next take a sequence '■ * < ^) 

such that < i, Q < k and the set 

{j < 5 : (VC < k)(3£ £ w e )(^ Qj {i < «J : £ = j & = C})} 

is unbounded in 6 (possible as cf(6) < k, \\w £ \\ = k). 
Now we define a partial order -< e on A: 

a -< e (3 if and only if i = p(a, (3) G (J and 

/aWiG^ft <=> /a(») < //?(*)■ 

The algebra 5 £ is the Boolean algebra generated by the partial order -< e . It 
is the algebra of subsets of A generated by sets Z a = {(3 < A : -< e a} U {a} 
(for a < A). 

Claim 3.5.1 a) If p(a,f3) < p((3,j), a, {3, 7 < A f/ien /? a -4=^ 7 -< e a 
and a < e {3 -4=^ a -< e 7. 

b) // t(xq, . . . , x n _i) is a Boolean term, a l k < A /or k < n are pairwise 
distinct (I < 2), i < 5 is such that p(a k ,a k ) > « (/or k < n) but 
p(a l k ,a l k/ ) < i (for I < 2, k < k' < n) 
then denoting X[ = r[Z " 1 , . . . , Z 1 ) we have 

71— 1 

1. X Q n {a < A : (VJfe < n)(/ Q fi / / a o fi)} = X 1 D {a < A : (VA; < 
n)(/ar* / /a°t»)} 
/or eac/i k < n, 

either X\ D {a < A : / a fz = / fi} /or Z < 2 

or AQ (7 {a < A : / a |« = / fi} =^1 n {a < A : / Q fi = f a o \i} for 

k k k 

I < 2 

orXin{a < A : f a \i = f a o\i} = {a < A : f a \i = / a o^}\^ for I < 2 
orX t n{a< X: f a \i = f a o\i} = $ forl<2. 

k 
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Claim 3.5.2 Suppose that (a a : a < A) are distinct members of B e . Then 
there exist a < (3 < X such that a a > an. 

Proof of the claim: First we may assume that for some integers n < m < u, 
a Boolean term t(xq, . . . , x„_i, . . . , x m _i), ordinals a n , . . . , a m -\ < X, an 
ordinal i* < S and a function a : X x n — > X \ {a n , . . . , a m -i} for all j3 < X 
we have 

0/3 = T( Z a(/3,0): ■ ■ ■ i Z a(f3,n-l)i Z a n , ■ ■ ■ , ^a m _i), and 

if (3' < A, k, k' < n, (J3, k) + Q9', k') then a(/3, k) ^ a((3', k'), and 
ifa(/3,k) \i*> fa k , \i* : k < n, n < k' < m} are pairwise distinct. 

As we may enlarge i* we may additionally assume that 

(VC < k)(3£ G w e )(At Cj{i<6: j, t = i* k & = (}). 

Furthermore, we may assume that f a (p,k) \i* = fa(o,k) for all /3 < A, A; < n 
(remember that IK/al^* : a < X}\\ < A). Let B be the set of all % < S such 
that 

(VC < \)(3 A /3 < A)(Vfc < n)(( < fa(fi,k)(i))- 

Then the set B is in the dual filter J c of J (if not clear see Claim 3.1.1 of 
H5h 462| ). Now apply the choice of F^^s to find ( < k such that for k < n: 



if a n {a < A : fa(o,k)\i* = fa\i*} = ^a(o,ifc) n {a < A : /a(o,ifc)N* = /aN*} 
then fa(o,k)\i* $ F i*,Q and 

if a n {a < A : f^ k) \i* = f a \i*} = {a < X : f a(0:k) \i* = f a \i*} \ Z a(0) fc) 
then / S ( 0)fc )N* G i*i*,c- 

Note that by claim 3.5.1 we can replace in the above by any (3 < X. Take 
£ G w £ such that j4g Cj {i < <5 : jj = i* & £i = and choose i G PI B 
such that jj = i* , Q = (. Since ||{/ Q f« : a < X}\\ < Aj and i £ B we find 
/?o < /5i < A such that 

(V7c < n)(p(a(/3o, k),a{fi\, k)) = i) k max/ a(/3 fc) (i) < min/ a(/3 ljfc) (i). 



Now by the choice of £, claim 3.5.1 and the property of (3o,Pi we get C 
a /3 - 

Claim 3.5.3 inv± (B £ ) < X 

Proof of the claim: Directly from claim 3.5.2| noting that A — > (A,tj) 2 . 

Claim 3.5.4 Suppose that ao, . . . ,a n < X are pairwise -< £ -incomparable. 
Then Z ao % Z ai U . . . U Z an . 
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Suppose now that D is an ultrafilter on 9 containing all co-bounded sets. 



Claim 3.5.5 s+(TT B e /D) > A. 

s<e 

Proof of the claim: We need to find an ideal-independent subset of Yl B e /D 

e<8 

of size A. But this is easy: for a < A let x a E JJ B £ /D be such that 

e<e 

x a {£) = {(3 < A : (3 < e a}. The set {x a : a < A} is ideal-independent since 
if ao, . . . , a n < A are distinct and e is such that oiq, . . . , a n are pairwise 
-^-incomparable then 

B £ \= x ao (e) % x ai (e) V . . . V x an (e) 

(by claim 3.5.4| ). Now note that if eo < 9 is such that 

|J i^n {p(ai,a m ) : I < m < n} = 

then for all e > Eq we have that ao, . . . ,a n are pairwise -^-incomparable. 
Now by Los theorem we conclude 

Y[B £ /D \=x ao £x ai V... Vx an . m 
e<e 



Remark: 1. For A such that there exists a strong A-system and A is a 
successor (and for the respective 9, k's) we have algebras B e (for e < 9) such 
that invr(-Be) < A and for respective ultrafilters D on n inv^( n B e /D) > A, 

where T is one of the following: 

Tto~ cofj Tg'j ^hd' -^tiTi or ^inc- 

2. We do not know if (in ZFC) we can demand A = and Aq = Ao; 
consistently yes. 

Theorem 3.6 Assume that there exists a strong \-system for k, < n < uj. 
Then there is a Boolean algebra B such that s^(B) = \\B\\ + = A + (so 
hd+(B) = hL+(B) = X + ) but s+(B), hd+ (B),KL+(B) < A. 

PROOF: The construction is slightly similar to the one of |3.5| . 

Let (5,\, f,J,(A^ : C < K )) be a strong A-system for k, p(a,(3) = 
min{i < 5 : f a (i) ^ fp(i)} (for distinct a, (3 < A) and let C {f a \i : 
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a < A} (for % < 5, ( < n) be such that if Xx,X 2 G [{fatt ■ a < \}} <w 
then there is ( < k with X\ = n (Xi U^)- Like before, fix a sequence 
({jii (i) '■ i < <5) such that ji < i, d < k and the set 

{j < 5 : (VC < s)(3£ < {i < <5 : £ = j & Ci = C})} 

is unbounded in 5. 

Let B be the Boolean algebra generated freely by {x a : a < A} except 
that 

(a) if q , • • • , a n+2 < \, i < 5, f \i = . . . = f a „ +2 \i, f ao (i) < f ai (i) < . . . < 
fa n+2 (i) and f ao \ji G F ju(i then x ao < x ai V . . . V x a „ +2 and 

if a , • • • , a n+2 < X, i < 5, f \i = . . . = f a „ +2 \i, f ao (i) < f ai (i) < . . . < 
fa n+2 (i) and f ao \j t £ F ji;(i then x ai A ... A x an+2 

Claim 3.6.1 If ao, . . . ,a n < X are pairwise distinct then 

B |= Xq, ^ z Ql V ... V x Qn . 

Consequently s+(B) = hd+(£) = hL+(B) = ||B||+ = A+. 

Proof of the claim: Let h : X — > 2 be such that /i(cko) = 1 and for 
a G A \ {«o} 



/i(a) 



if / Q \ji i F ji>Ci or 

/a \ji G F ii)Ci and / Q \(i + 1) G {/ Q( \{i + 1) : / = 1, . . . , n}, 

1 otherwise, 



where i = p(ao,a). We are going to show that the function h preserves 
the inequalities imposed on B in (a), (/?) above. To deal with (a) suppose 
that fa, . . . , /3 n+2 < A, fp \i = ... = //3 n+ Ji, //j (i) < ... < fp n+2 {i) and 
f(5o\ji G Fji,Q- If h(f3o) = then there are no problems, so let us assume 
that /i(/3o) = 1- Since fp k \(i + 1) (for k = 1, . . . , n + 2) are pairwise distinct 
we find fco € {1, . . . , n + 2} such that 

/A K* + l)£{/a ( K* + l):Z<n}. 

It is easy to check that then /i(/?fc ) = 1, so we are done. Suppose now 
that Po,...,/3 n+2 < A, fp Q \i = ... = fp n+2 \i, fp {i) < ... < fp n+2 {i) but 
fpo\ji £ an( I suppose h(/3o) = (otherwise trivial). If p(ao,/?o) < i 

then clearly h(/3k) = h(/3o) = for all k < n + 2. If p(ao,/3o) > * then 
for some ko G {1, . . . ,n + 2} we have ao ^ (3k , p(ao,Pk ) = i and easily 
h(/3 ko ) = 0. 
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Claim 3.6.2 M + {B),hL + (B) < A. 

Proof of the claim: Suppose that (rag : f3 < A) C B. After the standard 
cleaning we may assume that for some Boolean term r, integers mo < m < 
lv, a function a : A x m — ► A, and an ordinal iq < 5 for all (3 < A we have: 

(*)l Ct/3 = T(Xa(f3fi), ■ ■ ■ > Xa(j3,m-1)), 

(*h (fa(i3,l) No : I < m) are pairwise distinct and \i = f^i) No (for 

I < m) , 

(*)3 {(a(/3, 0), . . . , a(/3, m — 1)) : /? < A} forms a A-system of sequences 
with the root {0, . . . , niQ — 1}. 

Moreover, as we are dealing with hd, hL, we may assume that the term r is 
of the form 

t(x , . . .,x m -i) = f\ xf l \ 

l<m 

where t : m — > 2. Let (</tbe such that for each / < m 

/a(o,oNo G F i0tC t(l) = 0. 

Take i\ > io such that = io, Ch = C anci 

(VC < Aj 1 )(3 A /3 < A)(VZ G [m ,m))(C < h m {h)) 



(like in the proof of claim 3.5.2). Now, as : a < X}\\ < Aj i; we may 

choose distinct Po, . . . , fl m -(n+2) < ^ such that for A; < m ■ (n + 2), / < m 

/a(A),J)Nl = fa(/3 k ,l)\h *= ^ 

and for each I 6 [mg, m) 

fa((3 ,l)(h) < fa^ u l)(h) < ■ ■ ■< fa(P m . (n+2) ,l)(h)- 

Note that we can demand any order between Pq, . . . , /3 m .( n+ 2) we wish what 
allows us to deal with both hd and hL. We are going to show that ag < 

m-(n+2) 

V a/3 k . Suppose that I G [mo,m), 1 < fei < k,2 < ■ ■ ■ < k n+ 2 < 
k=l 

m ■ (n + 2). If t(/) = then, by the choice of £ and i\ we may apply clause 
(a) of the definition of B and conclude that 

x a(f3 ,l) < Xa(f3 kl ,l) V . . . ^(fl^,!). 
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Similarly, if t(l) = 1 then 

Hence, for any distinct k%, . . . , k n+ 2 € {1, . . . ,m- (n + 2)} and I < m we have 

X a(/3 ,/) - X a(/3 fcl ,/) V ■ • • X «(/3 fcn+2 ,1) ' 



and therefore 



m-(n+2) 

A X a(/3 ,/) - V A X aQ3 fe ,Z)- 
£<m fc=l /<m 



Remark: Theorem is applicable to ultraproducts, of course, but we 
do not know if we can demand (in ZFC) that A = Xq , Xq = A. 
ZFC constructions (using A-systems) parallel to [0] will be presented in a 
forthcoming paper | |5h 620 ], Some related consistency results will be con- 



tained in [[RoSh 59g ] 



Problem 3.7 For each < n < to find (in ZFC) a Boolean algebra B such 
that s n (B) > s n+ i(B). Similarly for hL, hd. 



3.3 Forcing an example 

Theorem 3.8 Assume that No<k< / u<A = [i + = 2^. Then there is a 
forcing notion P which is (< X)-complete of size A + and satisfies the A + -cc 
(so it preserves cardinalities, cofinalities and cardinal arithmetic) and such 
that in V p : 

there exist Boolean algebras B^ (for £ < k) such that hd(B^), 
hL(B^) < A (so s(B^) < X) but for each ultrafilter D on k 
containing co-bounded subsets of k we have ind( n B^/D) > A + 

(so A+ < hd( n Bs/D),hL( n Bt/D),s( U bJd)). 

£<K £<K £<K 



PROOF: By Theorem 2.5(3) of [Sh 462] there is a suitable forcing notion P 
such that in V p : 

there is a sequence (77, : i < A + ) C A A with no repetition and functions c, d 
such that: 

(a) c: A> A — > X, 
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(b) the domain dom(d) of the function d consists of all pairs (x, h) such that 

h : ( — ► A x A x A for some ( < fi, and x : n — > a X is one-to-one, 
a < A, 

(c) for (x, h) £ dom(if), d(x, h) is a function from 

{a £ M (A + ) : a is increasing and (Vi < /ii)(xj < 

to A such that d(x, h)(a) = d(x, h)(b) implies sup a ^ sup b and denot- 
ing ti = i] a% A rjbi for some i* < /j, we have: 

(a) level (tj) = level(^*) for % > i*, 

(/?) (Ve< M )(3"i<M)(c(t i ) = e), 

(7) for fi ordinals i < fi divisible by £ we have 

(i) either there are £0 < £1 < A such that 

(Ve < C)(C • Co < % +e (level(t i+£ )) < C ■ 6 < ??a l+£ (level (t i+e ))), 
and 

/i = ((c(t i+£ ),775. +£ (level(i i+£ ))-C-£o,% i+s (level(i i+£ ))-C-£i) : e < C)> 

(ii) or a symmetrical condition interchanging a and 6. 

From now on we are working in the universe V p using the objects listed 
above. 

For distinct i,j < A + let p(i,j) = min{£ < A : r/i(£) / Vj(0}- For 
£0, £\ < k we put 

^eo,£i = £ A + x A + : i^j and rji(p(i,j)) = £ mod k and 

Vj(p(hj)) = £i mod /c}, 

and now we define Boolean algebras B K ^ for e = (eo, £1, £27 £3), £0 < £1 < 
£2 < £3 < «■ -Bk,? is the Boolean algebra freely generated by {xi : i < A + } 
except: 

if € R* h£l then X; < x j; 
if € R^ £3 then Xj < x { . 

Claim 3.8.1 Ifi,j < A+ ; (i, j) £ R^ £l , <£ R^ £s then B K>£ \= Xi £ Xj. 
In particular, if i < j < \ + then B K £ |= Xj 7^ Xj and ||-B K , £ || = A + . 
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Proof of the claim: Fix i < A + . A function / : {xj : j < A + } — ► ~P(2) 
(where V(2) is the Boolean algebra of subsets of {0, 1}) is defined by f(xi) = 
{0} and for j G A+ \ {i}: 

if (i, j) G R^ £l or G R^ e:j then f( Xj ) = {0, 1} 
if G ^ 2;£3 or G i^ 0>ei then /(a,) = and 
otherwise f(xj) = {1}. 

We are going to show that / respects all the inequalities we put on Xj's 
in B K£ . So suppose that (ji,j 2 ) G ^ ( £l - If f( x ji) = then there are no 
problems, so assume that both ^ Re2,e 3 anc ^ 0'i>*) ^ ^eo,ei" Similarly, 

we may assume that f(xj 2 ) / {0,1}, i.e. that both (i,j2) ^ ^e ,ei an< ^ 
(j 2 ,i) ^ ^£ 2 , £3 - Note that these two assumptions imply ji ^ i ^ j 2 - Now 
we consider three cases: 

- if p{ji,h) > p{i,h) = P(hh) then f(x h ) = f(x h ), 

- if p{ji,h) = P(hh) = P(hh) then f(x h ) = {1} = f(x h ) (remember 

(juh) e i£ 0>ei , (i,j 2 ),(j'i,*) £ # £ K , £1 ), 

- ifp(j'i,j2) < max{p(ji,i),p(j 2 ,i)} then either p(ji,j 2 ) = p{i,h) < p(hh) 

and (z, j 2 ) G i? £o £l (what is excluded already) or p(ji,j 2 ) = p(i,ji < 
p(i,j 2 and G i? £0 £1 (what is against our assumption too). 

This shows that f(xj 1 ) < f(xj 2 ) whenever (ji,j 2 ) G R% ei - Similarly one 
shows that (ji,j 2 ) G -R £2)£3 implies f(xj 2 ) < f{xj 1 ). Consequently the 
function / respects all the inequalities in the definition of B K ^ £ . Hence it 
extends to a homomorphism / : B K ^ £ — ► *P{2). But for each j < A + 

i R^ £1 & i R^ £3 ) (f( Xj ) G {0,{1}} & f( Xi ) = {0}). 

Claim 3.8.2 Suppose i : A + x n — > A + , t : n — > 2, n < u are such that 
(Va < A+)(V/i < Z 2 < n)(i(a,h) < i(a,l 2 )). Then 

(01) (3a < /3 < \+)(B KtS \= A (^(a,i)) f(,) ^ A (xj m ) m ), 

l<n l<n 

(0 2 ) (3a<P< \+)(B KtS \= A (^(a,o) t_(0 > A (^ W) ) f(0 )- 

i<ra £<n 

Proof of the claim: To prove (©i), (©2) it is enough to show the following: 
((Bl) (3a < (3 < A+)(V/ < n)(B K - £ \= (x 1(a ^) < (xj m f(% 
{(B* 2 ) (3a<(3< A+)(V/ < n)(B K , £ - \= (x 1(a ^ > (x, W) )'«). 
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By the definition of B R ^ for (©*) it is enough to have 
(©**) there are a < (3 < A + such that 

l<nkt{l) = Q => (i(a,Z)J(/M)) G i£ 0)C1 or i(a,i) =i(0,l), 

l<nki{l) = l (?(a,Z),i(/?,Z)) G i£ 2i£3 or i(a,i) =i(P,l), 

and similarly for (©2)- 

We will show how to get (©J*) from the properties of (rji : i < A + ). For 
this we start with a cleaning procedure in which we pass from the sequence 
((i(a,l) : I < n) : a < A + ) to its subsequence ((i(a,l) : I < n) : a G A) for 
some A C A + of size A + (so we will assume A = A + ). First note that if i 
repeats A + times in {i(a, I) : a < X + ,l < n) then for some / < n we have 
\\{a : i(a, I) = i}\\ = A + and we may assume that for all a < A + , i(a, I) = i. 
Consequently (©**) holds trivially for this I (and every a < (3 < A + ). Thus 
we may assume that each value appears at most A times in (i(a,l) : a < 
A + ,/ < n) and hence we may assume that the sets {i(a,l) : I < n} are 
disjoint for a < A + (so there are no repetitions in (i(a, I) : a < A + , I < n)). 
Further we may assume that 

a < (3 < A + ^> i(a, 0) < . . . < i(a, n - 1) < ~i(f3, 0) < . . . < ~i(J3, n - 1). 

For / < n, a < A + let a na+ i = i(a,l). We find £ < A such that for A + 
ordinals j3 < A + divisible by fi the sequence (rj ai3+e \£ '■ £ < /x) is with no 
repetitions and does not depend on (3 (for these /?). Since A = /U + = 2 M 
there are £ < A and a one-to-one sequence x : \i — > ^A such that the set 

B = {(3 < A + : /? is divisible by \i and 

(Ve < /x)(r/ a/3+e re = x e )} 

is of size A + . Let h : k — > A 3 be such that for I < 2n: 

if t{l) = 0, I < n, 

if t(l - n) = 0, n < Z < 2n, 

if t(l) = 1, Z < n, 

if t(l-n) = l, n<l< 2n. 

Consider the function d(x,h). There are distinct (3o,(3\ G B such that 
d(x,h)({a/3 0+e : e < fi)) = d(x,h)({a/3 1+£ : e < //)). This implies that we 
find S < [i divisible by k such that (possibly interchanging (3q,(3\): 
there are £0 < £1 < A such that for some 7 < A for every e < k 
p(af3 Q +8+s, a^+5+e) = 7, and 




(0,£ ,£l) 
(0,£i,£ ) 
(0,£2,£3) 
(0,£ 3 ,£2) 
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fla 01+s+e {l), and 

& = {(4Va Po+e+e h),Va Po+e+e { r r) - K ■ £o,Vap 1+e+e ~ « • fr) :£<«). 

Suppose that /?o < /?i and look at the values rja 0o+s+t ('y) , T)ap 1+s+ i(rf) for 
/ < n. By the definition of h we have that 

- if t(l) = then 7]a 0o+s+l ('y) = £0 mod K and r? a/3l+i+i (7) = £ i mod K ( so 

K-H+ii^i+w) G R£ 0>S1 ), and 

- if = 1 then r} apo+s+l {l) = £2 mod re and ^ 1+i+; (7) = ^3 mod re (so 

(°/3 +<5+i' a /3i+<5+i) G ^^s)' 

Consequently /3o + <5 < /?i + 5 < A + are as required in (©J*). If (3\ < (3$ then 
we look at the values r] apo+s+n+l ('y),r] ah+s+n+l ('y) (for I < n) and similarly 
we conclude that j3i + 5 + n</3o + 5 + n<\ + witness (©J*). 
Similarly one can get ffi|. 

Claim 3.8.3 hd(B K)S ) < A, hL( J B Kj£ -) < A. 

Proof of the claim: Suppose that hL(B Kj g) > A + (or hd(B K ^) > A + ). 
Then there is a sequence (y a : a < A + ) C 5 K1? such that for each a < A + 
the element y Q is not in the ideal generated by {yp : < a} ({y@ : > 
a}, respectively). Moreover we can demand that each y a is of the form 
A (^(a.i))^ with i{a, l\) < i{a, I2) for l\ < 1% < n(a). Next we may 

l<n(a) 

assume that n(a) = n, t(a, I) = for a < A + , I < n and apply (©1) ((©2), 
respectively) of claim |3.8.2| to get a contradiction. 

Now, for £ < k let B^ = B K ^ ,45+1,4^+2,45+3) and B = Y[ B^/D, where 

D is an ultrafilter on re such that no its member is bounded in re. 

Claim 3.8.4 ind(J3) > A+. 

Proof of the claim: Let /j 6 Yl B^ (for i < A + ) be the constant sequence 

fi(0 = x i- Suppose io < i\ < . . . < i n -\ < A + and look at the set 

X = {£<n:(3j < 4)(3m < k < n) (Vi m (p{im,ik)) = 4£ + j mod re 

or r]i k (p(i m ,ik)) = 4£ + j mod re)}. 

Obviously, the set A' is bounded in re. By claim |3.8.1| (or actually by a 
stronger version of it, but with a similar proof) we have that for £ E re \ X 

B^ \= u fi (C), ■ ■ ■ , h n -\ (£) are independent elements" . 

Therefore, we conclude B \= u fi , ... , fi n _ 1 are independent". ■ 
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4 Independence number and tightness 
4.1 Independence. 

In this section we are interested in the cardinal invariants related to the 
independence number. 

Definition 4.1 1. <p l ^ A is the formula which says that any non-trivial 
Boolean combination of n + 1 elements of Pq is non-zero (i.e. ^}f d 

says that if xq, . . . , x n G Pq are distinct then f\ x* ^ for each 

l<n 

t e n+1 2). 

2. For0<n<uj let T£ d = {^ nd : k < n}. 

3. For a Boolean algebra B, < n < to we define ind n (-B) = invr« d (-E>) 
and ind^(i3) = inv™ (B). We will denote ind£ + ) by mS + ^ too. 

ind 

4- A subset X of a Boolean algebra B is n-independent if and only if 
any non-trivial Boolean combination of n elements of X is non-zero. 

Remark: 1. Note that the theory T£~£ consists of formulas </>o nd , • • ■ , 0™ d 
and thus it says that the set Po is n + 1-independent. Consequently for each 
n < u>: 

indJ+\(S) = sup{||X||W :ICBisn + 1-independent}. 

2. It should be underlined here that the cardinal invariants ind n (the it- 
independence number) were first introduced and studied by Monk in |Mo 4J . 

Proposition 4.2 Suppose that A is an infinite cardinal, n is an integer 
greater than 1. Then there is a Boolean algebra B such that 

md n (B) = X = \\B\\ & md n+1 (B) = K . 

PROOF: Surprisingly the example we give depends on the parity of n. 

CASE 1: n = 2k, k > 1. 

Let X = {x G A 2 : ||x _1 [{l}]|| < k} and for a < A let Z a = {x G X : 
x(a) = 1}. Let -Bq(A) be the Boolean algebra of subsets of X generated by 
{Z a : a < A}. 

Claim 4.2.1 ind n (^(A)) = A. 
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Proof of the claim: For a > put Y a = Zq A Z a (a stands for the 
symmetric difference). We are going to show that the set {Y a : < a < A} 
is n-independent. For this suppose that t G n 2, < ao < . . . < a n ~\ < A. 
Choose x G X such that 

if ||t _1 [{0}]|| < k then x(0) = 0, x(a t ) = 1 - t(l) for I < n, 
if ||i _1 [{0}]|| > k then x(0) = 1, x{a t ) = t(l) for I < n. 

Then easily x G f| Y^f . 
Claim 4.2.2 ind n+ i(^(A)) = 

Proof of the claim: It should be clear that ind(i?Q(A)) > No, so what we 
have to show is ind n+ i(i?o (A)) < Hi. Suppose that (Y a : a < uj\) C Bq{\). 
We may assume that 

• Y a = r(Z^ a \, . . . , Zir a m _ 1 \), where m < uj, r is a Boolean term, 
i : wi x m — ► A is such that z(a, 0), . . . , i(a, m — 1) are pairwise 
distinct, 

• {(i(a, 0), . . . ,i(a,m — 1)) : a < to±} forms a A-system of sequences 
with the root {0, . . . , m* — 1} (for some m* <m). 

Further we may assume that t(xq, . . . ,x m _i) = V A xf^ for some ^4 C 

teA i<m 

m 2. If m = m* (i.e. all the Y a 's are the same) the sequence is not n + 1- 
independent. If m* = (i.e. the sets {i(ct, I) : I < m} are disjoint for a < lo±) 
then either Y A . . . A Y n = or (-F ) A ... A (-Y n ) = (e.g. the first holds 
if 1" . . . "1 = 1 ^ A and otherwise the second equality is true). So we may 
assume that < m* < m. 

Suppose that 1 G A. We claim that then (—Y ) A ... A (— Y k ) A Y k+ i A ... A 
Y 2k = 0. If not then we find x G f| ^ \ (J Y j- For j < 2fc + 1 let 

fe<jr'<2fc+l j<k+l 

tj G m 2 be defined by tj(l) = 1 - x(i(j, I)). Thus ^ G ^ for k < j < 2k + 1 
and tj <£ A for j < k + 1. As ||x _1 [{l}]|| < for some jo < k we necessarily 
have (V/ G [m*,m))(t J0 (Z) = 1). Since 1 G A and tj ^ A, necessarily for 
some Iq < m* we have tj (lo) = 0. Now look at tj for j G [k + 1, 2/c]. Since 
tj \m* = tj \m* and tj ^ ^4 (and tj G ^4, remember k + 1 < j < 2k) we have 

(Yj G [fe + l,2ife])(3i j G [m*,^))^^) = 0). 

This implies that x(i(j,lj)) = 1 for j G [fe + l,2fc] and together with 
x(i(jo,lo)) = 1 we get contradiction to ||x _1 [{l}]|| < fc. 
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Suppose now that 1 ^ A. Symmetrically to the previous case we show 
that then Y A . . . A Y k A (-Y k+1 ) A ... A (— Y 2 k) = 0. The claim is proved. 

CASE 2: n = 2k + l, k > 1. 

In this case we consider 

X' = {x G A 2 : < A; or ||a; -1 [{0}]|| < k} 

and the Boolean algebra B^(X) of subsets of X' generated by sets Z' a = 
{x € X' : x(a) = 1}. Then the sequence {Z' a : a < A) is n-independent 
(witnessing ind n (-B^(A)) = A). Similarly as in claim [4.2.2 one can show 



that ind n+ i(i?i (A)) = No (after the cleaning consider (— Yq) A ... A (—Yk) A 
%-A%i). ■ 

Remark: Note that 

indW 1 ( J B fc (A)x J B fe (A)) = AW 
as witnessed by the set {(Z a , —Z a ) : a < A}. 

Corollary 4.3 Suppose that A is an infinite cardinal. Then there are Boolean 
algebras B n (for n < u) such that ind(-B n ) = No but for every non-principal 
ultrafilter D on u, ind( II B n /D) = X H ° . ■ 

n<LU 

A detailed study of the reasons why we did have to consider two cases 
in Proposition [h^ leads to interesting observations concerning the invariant 
ind n and products of Boolean algebras. First note that 

Fact 4.4 For any Boolean algebras B{ (i < X) we have 

1. ind+ (B x #0) < md+(£ ) < ind+(B * B ), 

2. ind+ (S x ... x S fc _!) < E ind+ 

^ n ' i<k 

i<k 

3. ind+(nr<A B { ) = supind+(S i ). ■ 

However there is no immediate bound on ind n +i(i? x B) in this context. 
One can easily show that the algebra B\ (A) from the proof of 4.2 (case 2) 
satisfies 

ind2fc +2 (Bf (A) x Bl(X)) = N . 
So we get an example proving: 
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Corollary 4.5 If X is an infinite cardinal, n is an odd integer > 2 then there 
is a Boolean algebra B such that ind n (B) = A and ind n+ i(-B x B) = Hq. 



The oddity of n in the corollary is crucial. For even n (and A strong limit) 
the situation is different. In the lemmas below /i is a cardinal, k is an integer 
> 1 and B is a Boolean algebra. 

Definition 4.6 For a cardinal fx and an integer k G to we define "!&(//) 
inductively by^\ 

-lo(M) = M, -I fc+1 (/x) = (2^))++. 



Lemma 4.7 1. Suppose that 
(0) ind 2fc (5) > 3 2fc Gu)+ 
or at least 

(©~) there exists a sequence (xi : i < 1\2k(l t ) + ) Q B such that ifio < 

i t < ... < i 2 k-2 < i2k-l < ^2fc(» + then f\ x i2l A (-aw J ^ 0. 

Kk 

Then 

4*^+ there is a sequence (y.j : j < fi + ) C B such that for each 
w G there is an ultrafilter D G Ult B with 

(Vj < n + ){ yj G D j €w). 

2. If ind2k(B) > l^+li^) then we can conclude 4*j^ ,k ■ 
[In 2) it is enough to assume a suitable variant of (® - )-' see the proof.] 

PROOF: 1. Assume (©~). For each io < . . . < *2Jfe— l < ^2fc(^) + nx an ul- 
trafilter £){<o.-.*afc-i} g Ult 5 such that A (^i 2fc A (-a* )) G Z)ft>.-.i»-i}. 

2<fc 

Let F : p 2fe (/i) + P +1 — ► 2fc+1 2 be defined by 

F({i , i 2k })(l) = 1 x k G £){<o.-A*}\{*«> 

(where i < 2A; + 1, io < • • ■ < i2k < ^2fc(/-*) + )- By the Erdos — Rado theorem 
we find a homogeneous for F set I of the size fi + . We may assume that the 
sequence (a;, : i < behaves uniformly with respect to F. 

1 Remember that "1 (daleth) is the second letter after D (beth) in the Hebrew alphabet 
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Put yj = x^.j A (— x w .j + 5) for j < fi + . We claim that the sequence (yj : 
j < has the required property. For this suppose that jo < . . . < jk-i < 
fi + and let % 2 \ = u ■ ji, i 2 i+i = uj ■ ji + b (for I < k). Then i < . . . < i 2 fc-2 < 
«2fc-i < so we can take D = D^°'---' l2k ~ 1 h Thus yj l = Xi 2l A(— Xi 2l+1 ) G D 
for / < k. On the other hand suppose that j ^ {jo, . . . ,jk~i} and look at 
i = lo ■ j, i' = uj ■ j + 5. Note that for each I < k we have 

i < i 2i <^=> i < i 2 i+i < 121+1 ^=> i' < i2i- 

Since F({i,i , . . . ,i 2k -i}) = F({i',i ,.. . ,i 2 fc-l}) we get that 

Xi G D Xi> G D 

and hence yj = Xi f\ {—Xi>) D. 

2. The proof is essentially the same as above but instead of the Erdos-Rado 
theorem we use 4.26| which is a special case of the canonization theorems 



of Sh 95(| . We start with a sequence (x a ^ : a < ~lfc+i(/-0> £ < y) Q B such 



that if £ , < M, a? < a* < (for / < k) then A ( x a ,& A 



i<fc ! ' 

'u'«0" ,a fc-l a fc-l 



(— t^O. Then we choose the respective ultrafilters D^ Q ^ * 1 fe 1 G 
Ult and we consider a function F : [1fc +1 (^) x fi} 2k+1 — > 2 such that 



-F(("o,£o), («0)Co), • • • , (a^, £ fc _i), (a£-i,£ifc-i), («,£)) = 1 
if and only if x^ G 1 * _1 



By gj| a) we find a?,ai < ~ I^+i (a*) (for £ < //) such that for each distinct 



Co, ■ ■ ■ ,6c G M 

*X«, («i , Co), («Li > « > &)) = 

= F((a| ) ,e ),(a^ ,£o),...,(aL 1 '^-i)'( a L 1 '^-i)'( a i'^)). 
Finally put = x a o^ A (— ■ 

Lemma 4.8 Suppose that there is a sequence {yj : j < fj) C B such that 
for every w G [fj] k there is an ultrafilter D G Ult B such that 

(Vj < n){vj G D <=> j G u»). 

T/ien 
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PROOF: Consider the sequence ((yj, —yj) ■ j < /J,} Q B X B. To prove that 
it is 2k + 1-independent suppose that jo < . . . < jik < H, t € 2k+1 2. Let 
= {ji ■ t(l) = 0}, u>i = {ji : t(l) = 1}. One of these sets has at most k 
elements so we find an ultrafilter D G Ult B such that 

either (VZ < 2k + l)(y jl G D ^> t(l) = 0) 
or (V/ < 2k + l){y h G D t(l) = 1). 

In the first case /\ y^ G D, in the second case f\ {—y^Y^ G D. 

K2k+1 ' l<2k+l 

Consequently ( A Vjf\ A (~VjiY^) an d t ne lemma is proved. 



Theorem 4.9 Zei be an integer > 1, B a Boolean algebra, A a cardinal. 
Then 

1. ind 2 fc(i?) > max{!] 2 fc(A) + , ~lfc+i(A + )} implies ind 2 fc + i(-B X B) > A + . 

2. If X is strong limit, ind 2 fc(-B) > A then ind 2 fc + i(5 x B) > A. 

3. ind 2fc (nr<^) <3 w (md 2fc+1 (nr<. J B)). 



PROOF: 1. It is an immediate consequence of lemmas 4.7 and 4.8. 

2. Follows from 1. 

3. It follows from 2 and the following observation. 

Claim 4.9.1 For an integer n > 1 and a Boolean algebra B we have 
ind n TT B) = ind n {U B x TT 5). 

Proof of the claim: By |4.4j (l) we have 

ind n (n" B) < ind n (]T B X J]" S). 

■ L1 -i<ui ■ l1 -i<uj - LJ -t<u; 

For the other inequality assume that 



' ief ind n (ir B)<ind n (UZ Bx Ul B )- 



Thus we find an n-independent set X C Ili<w^ x T\7<ujB of size k + . For 
x G X let a x , b x G IIi<w-^ an d rn(x) <ube such that 

x = (a x ,b x ) and (Vm > m(x))(a x (m) = a x (m(x)) k b x (m) = b x (m(x))). 
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Take uiq < uj and Y G [X] K such that m(x) = mo for x G Y. For iEY 
let 

= f (0,(0), . . . , a x (m ), b x (0), b x (m )) G B 2m °+ 2 . 

The set Z = {c x : x G y} is n- independent as a x (m) = a x (mo), b x (m) = 
b x (rno) for m > mo- As = k + we conclude that k + < ind n (i3 2mo+2 ). 
Now note that the algebras Hf <u; B and B 2m ° +2 x Y[f <LJ B are isomorphic, 
so (by U) 

ind n (B 2mo+2 ) < ind n (n" 5) 



and hence k + < md n (Y[™ <UJ B) contradiction. 



Problem 4.10 -Z. Can Lemma (.7 be improved? Can we (consistently?) 
weaken the variant of the assumption (©~) for 2) to sequences shorter 
than Ife(jU) (u>e are interested in the reduction of the steps in the beth 
hierarchy ) ? 

2. Describe (in ZFC) all dependences between mdk(B n ) (for n,k < cu) 
[note that we may force them distinct]. 

4.2 Tightness. 

The tightness t{B) of a Boolean algebra B is the minimal cardinal k such 
that if F is an ultrafilter on B, Y C U\tB and F C (J Y then there is Z € 
[y]- K such that i 7 C (J Z. To represent the tightness as a def.u.w.o.car. in- 



variant we use the following characterization of it (see | Mo 1[| ) : 

t(B) = sup{||a|| : there exists a free sequence of the length a in B} 
where a sequence (x^ : £ < a) C 5 is free if 

(V£ < a)(VF G [£] <W )(VG G [a \ £]«")[ A x v A A ^ 0]. 

Now it is easy to represent i(-B) as def.u.w.o.car. invariant. Together with 
(finite versions of) the tightness we will define a def.f.o.car. invariant utfc 



which is inspired by 4.7. 



Definition 4.11 1. Let ij; be the sentence saying that P\ is a well order- 
ing of Pq (we denote the respective order by <i). For k,l < to let <f> t kl 
be the sentence asserting that 
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for each x ,..., x k , y ,...,yi G P 

ifx <i • • • <i x fe <i yo <i • • ■ <i y« ^en A ^ ^ V 

anc? lei i/ie sentence say i/iot 
/or eac/i distinct xq, . . . , J/q, . . . , yi € Po ^ e «cwe A ^ y j/j. 

£. For n,m < lu let T™' m = {(fr k ; : k < n,l < m} U {V'} P^'™ = 
{(^fc*; : k < n,l < m} and for a Boolean algebra B: 

tn.m(B) = illV T n,m(-B) & Ut n . m (P) = inVy»,m(P). 

3. The unordered fc-tightness utfc is the def.f. o.car. invariant ut/j^. 

Remark: Note that T™' m = {ifj} if either n = or m = (and thus 
tn,m(B) = \\B\\ whenever n ■ m = 0). The theory T™ + ,m+ says that Pi is 
a well ordering of Po and if xo <i . . . <i x n <i yo <1 ■ • ■ <i 2/m then the 
meet A x i is n °t covered by the union V Hi- The invariant t UiU1 (B) is just 

the tightness of B. Similarly for T^ m . 

Corollary 4.12 For a Boolean algebra B and n,m < to, < k < uo: 

1. indi+i^P) < ut^ (P) = ut&J (P) < dtm(^), 

utl (P) = sup{k( + ) : ^^'^ aoWs irwe}, where the condition 4*^'* ^ s 
as defined in lemma \JP 



3. the condition ^ s equivalent to: 

the algebra Bq(k) of 4.2 can be embedded into a homomor- 



phic image of P, 
^ u4 +) (P) < indW(P), u4 +) (P) < ind« l (B X P). 
PROOF: 1. and 2. should be clear. 

3. Assume 4*^ ' k an d let {yj : j < k) C P be a sequence witnessing it. Let I 
be the ideal of P generated by the set 

{yjo A • • • A Vjk '■ h < • • • < 3k < «}• 
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Then the algebra Bq(k) naturally embeds into the quotient algebra B/I. 
Moreover, if B' is a homomorphic image of B and 4*^ ' k then clearly ^^ ,k 
so the converse implication holds true too. 



4- It follows from 3. and (the proof of) Proposition L2 and the remark 
after the proof of 



Remark: Corollary 4. 12| (3) is specially interesting if you remember that 
s + (B) > A if and only if the finite — cofinite algebra on A can be embedded 
into a homomorphic image of B. 



From Lemma |4.7| we can conclude the following: 

Corollary 4.13 For k > and an algebra B: 

1. if either ut k ,k (B) > D 2 fc(/x) orut kjk (B) > ~\ k+1 (fi + ) thenut k (B) > n + , 

2. if X is strong limit, ut k ^ k (B) > A then ut k (B) > A, 

3. uU k (B) <X(iitfc(B)). ■ 



Proposition 4.14 Suppose n,m < uo, k = min{n, m}, B is a Boolean 
algebra. Then 

L n.m —^n+m 

(ut k (B) + t(B)). 

PROOF: Let \x = ut k {B) + t{B) and assume that t n ^ m {B) > n n+m (/i). Then 
we have a sequence (a a : a < D n + m (//) + ) C B such that 

(Va < . . . < a n+m _i < 3 n+m (fj,) + )[(/\ a ai A f\ -a ai ) ^ 0]. 

l<n n<l<n+m 

For each qo, . . . , a n+m -i as above fix an ultrafilter r){ a o,---,a n + m -i} e jjlt B 
containing the element /\ a ai A /\ —a ar Look at the function 

l<n n<l<n+m 

F : [X+m(») + ] n+m+1 — » " +m+1 2 

defined by 

F{ao, . . .,a n+m )(l) = 1 ^ a ai G D {^,..,a n+m }\{a l} _ 

By the Erdos-Rado theorem we may assume that /x + is homogeneous for F 
with the constant value c € ra + m + 1 2. 
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If c(Z) = for each I < n + m then the sequence (a a : a < 
witnesses p + < ut n (B) giving a contradiction to the definition of \i (re- 
member utfc(-B) > ut n (i?)). In fact, given n elements «o < ••• < an~i, 
choose m additional elements a n _i < a n < . . . < a n+rn ~i- Suppose that 
(3 £ fi + \ {a , ... , a n+m -i}. Then by homogeneity — ap G £){ao ) -.«n+m-i} ) 
proving the result. 

If c(Z) = 1 for each Z then the sequence (— a a : n < a < exem- 
plifies fi + < ut m (B), once again a contradiction. In fact, take any m ele- 
ments n — 1 < a n < . . . < a n +m-i and suppose that (3 G p + \ {0, . . . , n — 
1, a n , . . . , a n _t- m _i}. Then by homogeneity ag G flf (| .-,n-i,o»v,»»+m-i} ] as 
desired. 

Finally, suppose that there are Zo,Zi < n + m such that c(Iq) = and 
c(Zi) = 1. 
Case 1: Zi < Z 

Let T = {P + u> : [3 < We claim that {a a : a G T) witnesses /i + < 
contradicting > t(B). In fact, let «o < • • • < a p < ■ ■ ■ < be elements 
of T; we want to show that 

f\ a ai A /\ -a Q , / 0. 
i<p p<l<q 

Say Op = (3+ui. Define 7/ = Z for all Z < Zi, 7^ , . . . , 7; -i are consecutive val- 
ues starting with (3 + 1, and 7/ , . . . , 7 m+n _i are consecutive values starting 
with a g _i -I- 1 (none of the latter if l = n + m). Then a ai G D^' r °'-'' rn + m - 1 ^ 
for all Z < p and — a a; G Z){ 70v "' 7n+m - 1 } for all Z > p, as desired. 
Case 2: Zi > Z 

This is similar, using (— a a : a G T). ■ 



Our next proposition is motivated by Theorem 4.S and the above corol- 
laries. 

Proposition 4.15 Let B be a Boolean algebra, k a positive integer. Then 
1. ind 2 *(nF <a ,£) ^minp^iCind^S)),^-!^^))}, 
2- nt k+1 (Uf <UJ B)<n k (ut + +1 (B)). 

PROOF: 1. Suppose that A = 3 2 fc-i(ind fc (£)) < md 2k (UT <L o B )- Th us 
we find a sequence (a a : a < Xq) C Ili<a; ^ which is 2fc-independent. Let 
a a = (a a (i) : i < uj) (for a < Xq). Consider the function F : [Ajj~] 2fc — > u> 
given by F(a , a 2 fc-i) = 

min{z G u : B \= a ao (i) A (— a ai (i)) A ... A a a2k _ 2 (i)A( CO) ^ o}, 
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where ao < ... < «2fe-i < Aq. By the Erdos-Rado theorem we find a 
set / of the size (ind^(i?)) + homogeneous for F; we may assume that / = 
(indfc(-B)) + . Let io be the constant value of F (on [(ind^(i3)) + ] 2fe ). Look 
at the sequence (a a (io) ■ a < (indfc(-B)) + & a limit). Any combination 
of k members of this sequence can be "extended" to a combination of 2k 
elements of {a a (io) : a < (indfc(-B)) + ) of the type used in the definition of 
F. A contradiction. 



Now suppose that Ai = f ^2k-i(^k(B)) < ind2k(l~li 1 <LL jB). Like in 4.7, 



we take a sequence (a a : a < A^ ) C YVf <c0 B such that for some n < uj, for 
each a < Xf , a a G B n (i.e. the support of a a is contained in n) and 

(Va < • • • < «2fc-i < \f )( f\ a a2l A (-a« 2J+1 ) / 0), 

and for each ao < • • • < a2fc— l < A^ we choose an ultrafilter £){ a o>—i«2fe-i} g 
Ult nr<o; 5 such that 

/\a a8l AK I+1 )£^ 

Now we consider a colouring F : [A^]^ ^ — > 2fc+l^ x n) given by 

F({a , • • • , « 2 fc})(0 = (1, m) a ai G £>{"o.-~.«ak}\{«i} and 

jr){ao,...,a 2fe }\{ai} is concentrated on 
the m th coordinate. 

By Erdos-Rado theorem we may assume that the set of the first (ut^(i?)) + 



elements of A^ is homogeneous for F. Now we finish as in 4.7 notifying 
that for some m < n, for all ao < • • • < ot2k~i < (utfc(-B)) + the ultrafilter 
/){«o,-.«2n) jg concentrated on the m th coordinate. So we may use ele- 
ments of the form a a . u (m) A (— a a . w+ 5(m)) (for a < (ut^(i?)) + ) to get a 
contradiction. 

2. Assume that utfc+idl^, B) > /it = ut^ +1 (B). Then we find a 

sequence (a Q : a < (I3fe(/i)) + } C Oi<w ^ such that for any k + 1 distinct 
members of this sequence there is an ultrafilter containing all of them and 
no other member of the sequence. We may assume that for some n < uj we 
have (a a : a < p fe (//))+> C B n . For a Q ,...,a k < P*(m)) + let D«o>-.°* 
be the respective ultrafilter of -B ra (i.e. it contains all a ai (for 2 < k) and 
nothing else from the sequence) and let -F(ao, • • • , oik) < n be such that the 
ultrafilter D a °>—> ak is concentrated on that coordinate. By the Erdos-Rado 
theorem we find a set A G [pfc(/i)) + ]^ homogeneous for F. Let m be 
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the constant value of F on A. Look at the sequence (a Q (m) : a E ^4} - it 
witnesses 4^ B + +1 contradicting \i = utt +1 (B). ■ 



Finally note that for the algebra B k (X) of 4.2 we have: 
ut k {B k {X)) = M B o( A )) = A and 
ut fc+1 (S Q fc (A)) = ut fc+ljfc+1 (5j(A)) = t fe+ i, fc+ i(i?o fc (A)) = Ho- 



This gives us an example distinguishing ifc ja , and ifc+i^ (and in corollary |43 
we may replace ind by t). But the following problem remains open: 

Problem 4.16 Are the following inequalities possible?: 

tk,U B ) > utfc(S), t Utk (B) > ut k (B), t k>k (B) > t k>k+ i(B). 



4.3 Independence and interval Boolean algebras. 

Now we are going to reformulate (in a stronger form) and put in our general 
setting the results of RSh 503 1, 

Definition 4.17 Let B be a Boolean algebra. 

1. For a filter D on [X] k we say that B has the /^-dependence property 
if for every sequence (a^ : i < A) C B there is A € D such that 
for every {ceo, c*l-> ■ ■ ■ > ctk-l} £ A- the set {a ao ,a ai , . . . ,a olk _ 1 } is not 
independent. 

2. For a filter D on [X] k and a Boolean term t(xq,x\, . . . ,x^\) we say 
that B has the (D, r)-dependence property if for every (oj : i < A) C 
B, for some A € D, for every {ao, cti, . . . , £ A with ao < a.\ < 
... < a k -i we have B \= r(a ao ,a ai ,. . . ,a afc _i) = 0. 

It should be clear that if D is a proper filter on [X] k and a Boolean algebra 
B has the D-dependence property then A > md£(B) (and so A > ind + (l?)). 

Proposition 4.18 Let r = t(xq, x±, . . . , x^i) be a Boolean term and let 
D be a K-complete filter on [X] k . Then any reduced product of < k Boolean 
algebras having the (D,t)- dependence property has the (D,t)- dependence 
property (this includes products and ultraproducts). ■ 



Proposition 4.19 Assume D is a proper filter on [X] k . Then there exists 
a sequence (ao, ai,..., a^-i) of ordinals < X such that: 
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(a) {w G [X] k : for each £ < k the £-th member of w is < a^} ^ mod D, 

(b) if a'* < ai for all £ < k, n < k and a' n < a n then 

{w G [X] k : for each £ < k, the £-th member of w is < a'g} = mod D. 

[Note that necessarily (a.£ : £ < k) is non- decreasing.] 

PROOF: Let F be the set of all non-decreasing sequences (ae : £ < k) C 
A + 1 such that the condition (a) holds. Then F is upward closed (and 
(A, . . . , A) G F). Choose by induction ao, . . . , a^-i such that for each £ < k 

ct£ = min{/3 : (3a G F)(a \£ = (ao, . . . , ct^-i) & ag = ■ 



Definition 4.20 We call a filter D on [X] k normal for (ao, a±,..., afc-i) if 
condition (b) of [(.l[> holds and 



(a) + {w G [\] k : for each £ < k the £—th member of w is < a{\ G D. 

Proposition 4.21 Assume that 

1. D is a K-complete filter on [X] k which is normal for (ao, a\, . . . , atk-i), 
and ao, . . . , a^-i are limit ordinals, 

2. k(*) = k ■ 2 k , i i— > (rrii,li) : k(*) — > 2 k x k is a one-to-one map- 
ping such that i\ < %2 implies that, lexicographically, (oc^ , , li x ) < 
(a£ i2 ,mi 2 ,£i 2 ); for (m,£) G 2 k x k the unique i < k(*) such that 
(mi,£i) = (m,£) is denoted by i(m,£), 

3. k* is a regular cardinal such that (V/i < K*)(2 fl < n) (e.g. k* = ^o), 

4. for X G D, h : X — > fi, p. < k* : 

A x ,h = {w G [A] fe ^ : (Vm,m' < 2 k )(w m G X & h(w m ) = h(w m ,))} 

where form < 2 k , w = {/3q, ■ • • , G [A] fc M (the increasing 

enumeration) the set w m is {A(m,£) : ^ < 

5. D* is the k* -complete filter on [X] k ^*' ) generated by the family 

{A x , h :XGD,h:X — ► /i, fi< k*}, 
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6. T * = T*(x ,Xi,..., = A A X iZne)> where (fm ■ m < 2 k ) 

m<2 k £<k 

lists all the functions in k 2. 

Then 

(a) D* is a proper k* -complete filter on [A] fe M which is normal for the 

sequence (a^ : i < &(*)}, 

(b) if a Boolean algebra B has the D-dependence property then it has the 

(D* , t*)- dependence property. 

PROOF: Assume that Xj G D, fij < k*, hj : Xj — > fij for j < \i < k* 
and look at the intersection f| A Xj: hj- Let X* = f| Xj. Then X* G D 

as fi < k and D is re-complete. Moreover for some (£j : j < fi) £ FJ flj we 

have 

X+ d = G X* : (Vj < n)(hj{w) = £,-)} ^ mod D, 
as FJ jUj < re (remember re* is regular and (V/i < /ix*)(2^ < re)). Let ro < 
ri < . . . < r>_! < r\ = k — 1 be such that 

a = ... = a ro < ovo+i = ■ • • = «n < "n+i = • • • 
... — Q; y .^ s)( _ 1 <C o;^* — ••• — c^k— 1- 

Now we choose inductively {(3™, ... , fi™^} G X + (for m < 2 fc ) such that 

(X£ < a n for n < k, m < 2 k ; a Tu < for u < £*; 

Pn < Pn +1 for n < k - 1, m < 2 k , and 

0% < < fiZ+i for « < m + 1< 2 fc . 

How? Since D is normal for (ao, ■ . . , cufe-i) and the a^'s are limit, the set 

Yo = f {w € [\} k : for each n < k the n-th member of w is < a ra and 

for each u < £* the r M + 1-th element of w is > a ru } 

is in D. Thus we may choose wo = {(3q, . . . , fl^-i} m H Yo- Now suppose 
that we defined /SjJLj. The set 

Y m +i = f {u> G [A] fc : for each n < /c the n-th member of w is < a n and 

for each u < £* the r,, + 1-th element of w is > /3™ , 
and the minimal element of w is > /3™} 
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is in D and we choose w m+ i = {/3™ +1 , . . . ,f3%*i} in X + n Y m+1 . Note 
that then iq < i\ =4> dp, l ° < /?«. n (for < k ■ 2 k ) and hence easily 

w; = f : £ < k,m < 2 k } £ f] Ax^hy Consequently the K*-complete 

filter D* generated on [A] fc W by the sets Ax t h is proper. The filter D* is 
normal for (a^ : i < k(*)) since: 

if X = {{3o, . . . , f3k-i} £ : (Vn < &)(/3„ < a n )}, his a constant function 
on X then 

A x , h = {{/?o, • • • ,Pkv-i} e W feW : (Vi < < «JI e 

if i < fe(*), a' < a& then the complement X of the set 

{w £ [A] fc : the ^-th member of it; is less then a'} 

is in £), and if h is a constant function on X then the set Ax h witnesses 
that 

{w £ [A] fe ^ : the i-th member of it! is less then a'} = mod D*. 

It should be clear that the -D-dependence property for B implies (Z?*, in- 
dependence property. ■ 

This is relevant to the product of linear orders. It was proved in [3h 503] 
that if k is an infinite cardinal, Bq (for £ < k) are interval Boolean algebras 
then ind( Yl Br) = 2 K . The next result was actually hidden in the proof of 

Theorem 1.1 of [|Sh 5Q3|| . 

Theorem 4.22 Let n be an infinite cardinal and let \i be a regular cardinal 
such that for every x < A 4 we have \ K < A* ( e -9- A* = (2 K ) + in (1) below or 
/ i=(2 2 ' t )+ in (2)). 

(1) For a regressive function f : /i — > fj, (i.e. f(a) < 1 + a), a two-place 
function g : fi 2 — ► x f or some % < \i and for a closed unbounded 
subset C of n we put: 

Ac,f, g = {{ao, ...,a 5 }e [/u] 6 : a < ai < . . . < a 5 are from C, 

each has cofinality > k, 

/(«o) = /(«i) = • • • = /(«5) and 
g(a , a{) = g(a , a 2 ) = g(a 3 , a 4 ) = g(a 3 , a 5 )}. 

Let D® n be the filter on [/i] 6 generated by all the sets Acj, g - Finally, 
let tq be the following Boolean term: 

T 6 (x ,xi, ... ,x 5 ) d = x A (-a?i) A x 2 A (-x 3 ) A x 4 A (-x 5 ). 
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Then D® K is a proper k + -complete filter normal for (/x, /x, fi, /x, fi, /j) and 
every interval Boolean algebra has the (D® k ,tq)- dependence property. 

(2) Let fj,Q be a cardinal such that (po) K = Mo and (2 W, ) + < //. For a 
closed unbounded set C C a regressive function f : fx — > [i and a 
two-place function g : p 2 — ► fio we let: 

A* c f g = {{«0) 01,02, o 3 } G [/u] 4 : a>o < a\ < a 2 < 03 are from C, 

each has cofinality > k, 
f(ao) = f(ai) = /(o 2 ) = /(o 3 ) and 
g(a , a 2 ) = 5(00, a 3 ) = g(a 1 ,a 2 ) = 5(01,03)}. 

Let D^ K be the n-complete filter on [//] generated by all the sets A* c ^ g . 
Finally, let 

r 4 = T4(x ,xi,x 2 ,x 3 ) d = xo A (-xi) A x 2 A (-23). 

Taen £/ie /iZier is proper, k + -complete and normal for (/U,/i, and 
every interval Boolean algebra has the (D^ K ,T4)- dependence property. 

PROOF: (1) Let fi be a regular cardinal such that (V% < /u)(x K < u) 
(so jjl k = p). First note that all the sets Acj, g are nonempty. [Why? Let 
/ : \x — ► n be regressive, (7 : fi 2 — > %■> X < A* an d let C C p be a club. 
Then for some p the set 

S = {aeC : cf(a) > k & /(a) = 5} 

is stationary (by Fodor lemma). Next for each a G 5 take /i(a) < % such 
that the set {a 1 G S* : a < a' & 5(0;, a') = /i(a)} is stationary, and note 
that for some <5 < x the set Z = {a G S : h(a) = 5} is stationary. Take any 
ao G Z and then choose a.\ < a 2 from (ao, i«)nS such that 

5(00,0:1) = 5(00,02) = & 

Next choose Q3 > a 2 from Z and 04, 05 G (o 3 , p) PI S such that 

5(03,04) = 5(03,05) = 5. 

Clearly {q , «i, a 2 , 03, 04, 05} G A C j, g -] 

Now suppose that C c C p, / c : n — > p, g c : fi 2 — > x<, *C < A* ( for 
(" < re) are as required in the definition of sets Ac ( j (t g c - Let 7r : K [i — ► [i be 
a bijection (remember p = p K ). Choose a club C C fj, such that C C f] 

and 

if a G C, /3 < a, F G K /? then 7r(F) < a. 
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Let 

f : H — > [i \ ol i > 7r((/ c (a) : C < «)), 
# : /j 2 — ► Y[ xc ■ (pc,P) i-> (fl£(a,/3) 

The function / is regressive on {a G C : cf(a) > re}, outside this set we 
change the values of / to 0. Since n Xc < A* we nave ^C,f,g £ ^u,«- ^ 

should be clear that Acj, g Q f] Ac ( ,f (:9c - Thus we have proved that the 

filter D® K generated by the sets Acj, g is proper re + -complete. To show that 
Dp K is normal for (fx, fx, fx, fx, fx, fx) note that for a < fx, £ < 6, if we take 
C = (a,fx), f,g constant functions then 

A c ,f, 9 n {{a , . . . , a 5 } € [fx] 6 :a e <a} = <D. 

Suppose now that (I, <j) is a linear ordering. Let — oo be a new element 
(declared to be smaller than all members of /) in the case that / has no 
minimum element; otherwise — oo is that minimum element. Further, let oo 
be a new element above all members of /. The interval Boolean algebra B (J) 
determined by the linear ordering / is the algebra of subsets of / generated 
by intervals [x, y)i = {z G I : x </ z <j y} for x,y G / U {— oo, oo}. 

We are going to show that the algebra B(I) has the (D® ^, re) -dependence 
property. Assume that (a a : a < fx) C B{I). Since we can find a subset of / 
of the size < fx which captures all the dependences in the sequence we may 
assume that the linear order / is of the size fx, so / is a linear ordering on jx. 

Fix a bijection <j> : [fx U {-oo, oo}] <w x w> 4 — > ll. 

For each a < fx we have a (unique) </-increasing sequence 

(sf : % < 2n(a)) C fx U { — oo, oo}, n(a) < lo 
such that a a = [j [sfj, sfj+i)/- Take a closed unbounded set C C /j such 

i<n(a) 

that for each a G C: 

(1) if w G [a U {-oo, oo}] <w , c G w> 4 then c) < a, 

(2) if </>(u>, c) < a then wCaU {— oo, oo}, 

(3) if f3 < a then {sf : z < 2n(/3)} C a U {-oo, oo}. 

For each a < /i fix a finite set w a C a U {— oo, oo} such that — oo, oo£w a 
and 

(4) if sf G a U { — oo, oo} then sf G u> Q and 
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(5) if s,t G {sf : % < 2n(a)} U {-oo, oo}, s </ t and (s,t)j Ha / then 

Next let c Q : w a — > 4 (for a < fx) be such that for s G w a : 

if (3x </ s)([x,s)i C a a ), 
n = I 1 if (3x : s </ x)([s,x)/ C a a ), 
Ca[S> I 2 if both of the above, 
3 otherwise. 

V 

We can think of c a as a member of u> 4 and we put f{a) = 4>(w a ,c a ) for 
a < fi. Note that the function / is regressive on C (so we can modify it 
outside C to get a really regressive function). Now, if ao < a±, both in C, 
/("o) = then 

sf = s f & z < 2n(a ) & J < 2n(ai) =► sf G w ai , and 

w« n {sf : i < 2n(a )} = w ai n {sf : i < 2n(ai)}. 

[Why? For the first statement note that, by (3), sf < a\ (for each i < 
2n(ao)) so we may use (4). For the second assertion suppose that s^f G 
= u> ai . Then necessarily c ao (s2°) = 1 = (^(s^?). Checking when 
the function c ai takes value 1 and when 2 we get that s^ = sf for some 

j < n(ai). Next, if s^Vi £ i»oo = w Ql then c(s2° +1 ) = and s^Vi = s^j+i 
for some j. Similarly if we start with sf .] Moreover, if s,i G w ao are two 
</-successive points of w ao , s <j sf </ sf 1 <j t, i + 1 < 2n(«i), then 
K Ql ^fi)/n{sf :i<2n(a o )} = 0. 

Let a function 5 : /j, 2 — > w> u) be such that if a < (3, a, (3 G C, /(a) = 
/(/?) then 

<?(«,/?) = <|K||,i°, . . . . . . ^Il- 1 } G w> c, 

where i, u are such that: 

if w a = {w a (0), . . . ,w a (\\w a \\ — 1)} (the </-increasing enumeration), 
t < \\w a \\ then 

t e = {sf : j < 2n(/3)} n (w a (£), w a (£ + 1))/ = 0, 

and if sf G (u; a (£), + 1))/ then 

v* = («, a (*), sf ) 7 n {sj : j < 2n(a)} = 0, 

t/ > => s^_ x G KW,*f)/ & (^. 1I «f); n {s? : j < 2n(a)} = 0. 
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Suppose now that oo < • • • < 05 from C are such that /(oo) = • • • = /(05), 
5(0:0, 01) = 5(00, o 2 ) = 5(03, a A ) = g(a 3 , 05) = (fc, t°, . . . , t fe_1 , f°, • • • , v^ 1 ). 
Then w ao = . . . w a5 = w = {w(0), . . . , w{k — 1)} (the </-increasing enumer- 
ation). We are going to show that for each t < k — 1 

(®) Ma ao , . . . , a a5 ) A [w{£), w{£ + 1))/ = 0. 

Fix £ < k — 1. If t e = then the interval (w(£),w(£ + contains no 
sj 1 , s" 2 and therefore 

a ai A + 1))/ = a a2 A w{£ + 1))/ € {0, [w(£),w(£ + 1))/} 

(remember c ai = c Q2 ). Hence (— a Ql ) A a Q2 A + 1))/ = and (®) 

holds. So suppose that t e > 0. Then for each k = 1,2,4,5 the interval 
(w(£),w(£ + 1)/ contains some sj k . We know that if j < j', k = 1,2, 
s" fe , s", fc G (w(£),w(£ + 1))/ then there is no s"° in [s" fc , s"*]/ (and similarly 
for 03 and A; = 4, 5. Assume that v = and for A; = 1, 2, 4, 5 let j& < 2n(ofc) 
be the last such that s" fe fe G (u/(£), w(£ + 1))/. By the definition of the 
functions g and / and the statement before we conclude that 

either a A[w(£), s° fc )/ = (for k = 1, 2) and a 3 A[w(£), s° fc )/ = 
(for k = 4, 5) 

or a A [u>(£),s^) 7 = H^),s" fe fe )/ (for k = 1,2) and 
a 3 A [«;(*), a?*), = [w(£), sl k ) z (for fc = 4, 5) 

and the parity of j^s is the same (just look at c ak (w(£ + 1))). Hence we 
conclude that either a ao A (— a ai ) A a a2 A [w(£),w(£ + 1))/ = or (— a aa ) A 
a a 4 A (— a a5 ) A [u>(f), w(^ + 1))/ = (and in both cases we get (©)). Assume 
now that v e > 0. By similar considerations one shows that if v e — 1 is even 
then 

(-fl« 3 ) Afl «4 A (- a a 5 ) A Hf),U>(^+ 1))/ = 

and if v — 1 is odd then 

a ao A (-a ai ) A a a2 ) A [w(£),w(£ + 1))/ = 0. 

Since g can be thought of as a function from /i 2 to w < /x the set ^4c,/,g 
is in D® and we have shown that it witnesses (D® K , rg)-dependence for the 
sequence (a a : a < //}. 

2) It is almost exactly like 1) above. The only difference is that showing that 
the sets A* c j are non-empty we use the Erdos-Rado theorem (to choose 
Oo, oi\, «2, 03 suitably homogeneous for g), and then in arguments that B{I) 
has the dependence property we use triples oq, 02, 03 and a\, 02, 03. ■ 
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4.4 Appendix: How one can use [Sh 95]. 

For reader's convenience we recall here some of the notions and results of 
ph 95| ], We applied them to reduce the number of steps in the beth hier- 
archy replacing them partially by passing to successors. This reduction is 
meaningful if the exponentiation function is far from GCH. Generally we 
think that k + (or even should be considered as something less than 

2 K . 

Definition 4.23 (see Definition 1 of [|Sh 95|] ) 1. For a sequence r = 
(no, . . . , rik-i) € k uj we denote: n(f) = J2 n h k(f) = k, nj(f) = n\. 

Kk 

2. Let (for £ < fj,) be disjoint well ordered sets, f = (no, . . . ,n k -i) € 
kuj , f '■ [ U B^] n ^ — > X; I — n(f). We say that f is (f) 1 -canonical 

(on (Bf.Z< u)J if 

for every £ < • • • < Cfc-1 < "> a < • • • < Ono-l in 
B^ , a m < . . . < a no + ni _i in B^ and so on, the value 
/(a , . . . , o n ( f )_i) depends on a , . . . , a n ( f )-i-z, Co, • • • , Cfc-i 
on/y (i.e. it does not depend on a n (f)-i, ■ ■ ■ ,a n (f)_ij. 

3. ^4 sequence (A^ : £ < u) (of cardinals) has a {k^ : £ < fi) -canonical 
form for F = {(fj)^. : i < a} (where l{ 's are integers, U < n(fj), x% ' s 
are cardinals and fj 's are finite sequences of integers) if 

for each disjoint (well ordered) sets A^, \\A^\\ = A^ (for 
£ < fi) and functions fi ■ [\J A^\ n ^ — > Xi (f or i < ct) 

there are sets B^ C A^, \\B^\\ = such that each function 
fi is {r~i) li -canonical on (B^ : £ < /j) (for i < a). 

Several canonization theorems were proved in |Sh 95| , we will quote here 
two (the simplest actually) which we needed for our applications. 



Proposition 4.24 (see Composition Claim 5 of | Sh 95 ]) Let Ti be 

{((n , . . • , n fc _i, . . . , n m -i)) p 2 t q ■ ((no, • • • , n k -i, n m _i))f M € T 3 & 
((n , • • • , n fc _ 2 , n fc _i - GT 2 k,p = s + n k + ...+ n m _i & 

< s < n k _i}. 

Suppose that the sequence (A| :£<//) /ias a (A| : £ < fj,) -canonical form 
for r 3 and the sequence (A| : £ < n) /ias a (A| : £ < fi) -canonical form for 

r 2 . 
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Then the sequence (A| : £ < /x) /ias a (A^ : £ < /x) -canonical form for Ti. 
■ 

Proposition 4.25 (see Conclusion 8(1) of |Sh 95| ) The sequence 

((2") ++ : e < M) 

/ias a (/i : £ < /i) -canonical form for {(^"(l))^ : ^ £ < ■ 

Recall that for a cardinal /i and an integer A; we have defined ~Ia;(/x) by: 
lo(/^) = <O fc+ i(^) = (2 nfcM ) ++ . 

Proposition 4.26 Suppose that (A^ : £ < /x) is a sequence of disjoint sets, 
\\Az\\ = Let F : [{J A^ 2k+1 — ► 2P. Then 

a) there are a®,a^ £ f/or £ < /x), a® ^ swc/i i/tai /or eac/i pairwise 

distinct £q, . . . , < /x 

(0) F(a° o , aj , . . . , a° fc _ i , aj fc _ 1 , a° fc ) = F(a° o , a* , . . . , a° fc l , , ) 
and even more: 

b) there are sets G [A^Y (f or £ < s^c/i i/iat if ■ ■ ■ ,£k < H> are 

distinct, and aj?. , a|. £ -B^ 4 are distinct then (©) o/ a) ZioWs inxe. 



PROOF: It follows from [D| and fL2| (e.g. inductively) that ("Ife+i(/i) : £ < 



/x) has a (/x : £ < /i)-canonical form for T, where T consists of the following 
elements: 

«2^2 , ((2^2 ((2^2 121))^, 

«2_^_2 1221))| M , .* . , ((1 2_^2 l))ll +2 . 

k-2 k 
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